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Symmetry dictates interaction.

— C.N. Yang



Abstract

This thesis investigates quantum integrability through the lens of the Bethe Ansatz and its application
to the one-dimensional Hubbard model. The classical foundations are developed as motivation for the
quantum Yang-Baxter equation, which is approached from the perspectives of the Heisenberg spin
chain and factorised scattering theory.

The Calogero-Moser-Sutherland family of models is studied and its spectrum obtained, with a known
duality to the quantum Hall effect on varying geometries reviewed and extended: a conjecture is
proposed that placing the quantum Hall effect on a torus yields the elliptic Calogero-Sutherland
model upon projection to the Lowest Landau Level.

The Hubbard model is solved via the coordinate Bethe Ansatz, its hidden SO(4) symmetry uncov-
ered, and the algebraic Bethe Ansatz constructed using graded vector spaces and Shastry’s R-matrix,
recovering the Lieb-Wu equations from an algebraic perspective.

Keywords: Quantum Integrability; Bethe Ansatz; Hubbard Model; Yang-Baxter Equation; Calogero-
Moser-Sutherland Models; Quantum Hall Effect
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1. Introduction

Integrability is a difficult term to adequately define. In its most intuitive, although informal, form it
can be defined as the application of varying methods to utilise conserved quantities in pursuit of the
analytic solutions relevant to physical systems. This is often stated to in turn define an integrable
system. In a slightly more formal setting we may define the same as follows.

Definition 1 (Integrability). The study of methods concerning the dimensional reduction of the phase
space manifold for which a dynamical system exists on. Here a dynamical system refers to a system
where the relevant quantities, e.g. the positions of particles subject to a potential, the quantum me-
chanical wavefunction, etc. are functions of time. Equivalently, it is the separation of a composite
system into a number of non-interacting subsystems.

Before diving a bit further into this topic - we should cover some brief background. Many readers may
have already come across this material from the point of view of analytic mechanics. However, this
may not be sufficient due to a lack of mathematical sophistication. For a more thorough introduction
to both the physical and mathematical aspects we recommend [1]. It is for these reasons that we
shall first explore a non-exhaustive but detailed background. The background will also serve to unify
notation.

With this background established, we then develop the mathematical sophistication necessary to
discuss symplectic geometry and Hamiltonian reduction - the coadjoint orbit, the momentum map, and
the Marsden-Weinstein theorem, following the text [2]. These are not merely formal embellishments.
The structures uncovered here resurface, often in a strikingly direct fashion, in the quantum theory,
and it is for this reason that we afford them the attention we do.

From there, we turn to the central subject of the text. The quantisation of the classical picture leads
us naturally to quantum groups and the quantum Yang-Baxter equation - the organising principle of
quantum integrability. We motivate this object from two directions, namely the Heisenberg spin chain
and the theory of factorised scattering, before arriving at the Bethe Ansatz as a practical tool for
solving quantum integrable systems. Along the way, we study the Calogero-Moser-Sutherland family
of models, whose spectrum reveals a beautiful and perhaps surprising connection to the quantum
Hall effect - one that serves as both a recurring thread throughout the text and the basis for novel
conjectural work in the final chapter based on [3].

The crescendo of the thesis is the Hubbard model, a lattice model of considerable importance to
condensed matter physics and one of the most celebrated examples of a quantum integrable system. We
work through this based on [4]. We solve it via the coordinate Bethe Ansatz, uncover its hidden SO(4)
symmetry, and revisit it through the more powerful algebraic framework - requiring the formalism of
graded spaces and Shastry’s R-matrix. It is here that the full power of the machinery built throughout
the text is brought to bear.



2. Classical Integrability

2.1. Classical Mechanics

2.1.1. Classical Dynamical Systems

For completeness, we shall begin from Hamilton’s principle of stationary action and further derive all
we will need.

Definition 2. The classical action functional of a system of N particles, where summation over
repeated indices is implied, is given by

S[q] =
ˆ t1

t0

dt L(q, q̇, t), (2.1)

where the integrand consists of the Lagrangian which is simply the difference between kinetic and
potential energy i.e. L = T − V . An alternative formulation of the action can be expressed via the
Hamiltonian. Which is defined via Legendre transform as follows

H = piq̇
i − L, S =

ˆ qj(t1)

qj(t0)
pi dqi −

ˆ t1

t0

dt H. (2.2)

This object is used throughout modern theoretical physics and is of supreme importance. For example,

Axiom 1 (Hamilton’s Principle of Stationary Action). Hamilton’s principle states that along physical
trajectories taken by classical systems the variation of the action is null i.e.

δS = 0.

Utilising the calculus of variations we can derive the equations of motion (EoM) in terms of the
Lagrangian or Hamiltonian equally. We will find that the Hamiltonian formalism is far more useful
for our needs in the context of integrability and therefore we will confine ourselves exclusively to the
Hamiltonian formalism. Using Hamilton’s principle1 we find Hamilton’s equations,

q̇i = ∂H
∂pi

, ṗi = −∂H
∂qi

. (2.3)

We briefly note for completeness that pursuing the same argument in the Lagrangian formalism then
we find the EoM in the form of the Euler-Lagrange Equations

d
dt

∂L
∂q̇i

− ∂L
∂qi

= 0. (2.4)

1For systems with conserved energy it is also known as Maupertuis’ principle.
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This is a basic form of the EoM but we can rearrange it into a far superior form. This is what we will
call a Poisson Bracket in its most simple form. It will be "defined" as

{f, g}PB ≡ {f, g} := ∂f

∂p[i

∂g

∂qi] . (2.5)

There is slight niche point here. Technically, when we have defined a Poisson Bracket (PB) in this
fashion, we have already assumed a specific form it must take. This will prove suboptimal for a
generality standpoint. In particular, this assumption is disastrous when applied to constrained systems
- a point that will be discussed later. For full generality, we shall define a PB not by its form but by
its properties.

Definition 3 (Poisson Bracket). A Poisson Bracket as defined on the space of functions over a
manifold P denoted as F (P) is a bilinear, skew-symmetric map

F (P) × F (P) → F (P),

which abides by the Jacobi identity and the Leibniz product rule.

The first three properties also classifies the PB as a Lie Bracket and therefore the function space a Lie
algebra. In discussing the PB as a way to obtain the EoM, we must first make particular reference to
the manifold P for which the function space is defined over. This is the phase space of the system.
Properly defined, it is the cotangent bundle of the configuration space i.e. the space defined by the
generalised coordinates qi. In more layman’s terms, we think of the configuration space and at each
point classify a space of momentum covectors pi. Therefore, to know the exact state the system is in
we must know the positions and momenta which is precisely the location on the phase space manifold.

Now that we have properly defined our phase space we can see how our EoM fall out far more simply
when rewritten in this language. In the case of a system with N generalised coordinates the phase
space is a 2N -dimensional orientable manifold2 and we take an element x ∈ P . Defining the gradient
over phase space as the concatenation of the gradient in position space and momentum space we can
write the EoM as

ẋ = −J · ∇H,

for some anti-symmetric rank two tensor J . Taking inspiration from our original “definition” of the
PB we define it here as

{f, g}(x) = J ij(∂if)(∂jg).

Which lets us describe the time evolution in the following way

ẋ = {H, x}.

Furthermore, since the PB is defined to obey Leibniz’ rule then for any f ∈ F (P) we have that

ḟ = ∂f

∂xi
ẋi = ∂f

∂xi
{H, xi}.

2See Prof. Frolov’s Differential Geometry problems for a proof.
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This coupled with the skew-symmetry of the PB tells us that Hamiltonian itself is conserved. This
is the first taste of Nöther’s Theorem and actually alludes to an assumption we’ve made without
mentioning - that these functions over phase space have no explicit time dependence. Thereby telling
us that if and only if the Hamiltonian has no time dependence, hence the system has time translation
invariance, then the Hamiltonian or energy is conserved.

In the interest of generality, we can repeat this analysis for any manifold disregarding the phase space
aspect. If there exists a PB structure on the manifold then it is said to be a Poisson manifold. Further,
if J is invertible everywhere on the manifold then it is called a symplectic manifold. One can then
inquire about the dimensionality of the manifold. In general the rank of J is less than or equal to
the dimension of the space, although this can vary along the manifold itself. However, since J is
anti-symmetric then it can only be invertible if it exists in an even dimensional space. Therefore,
a symplectic manifold necessarily must be of even dimension. In this case, the PB is called non-
degenerate and we can define the symplectic two form ω such that ωikJkj = δj

i . The anti-symmetry
of ω and the Jacobi identity of J yields the fact that dω = 0.

Given a Poisson manifold P and any function f ∈ F (P) we can define the Hamiltonian vector field
ξf := {f, ·}. The components of which are ξi

f = J ji∂jf and hence ∂jf = ωjiξ
j
f . The correspondence

between the symplectic form and the PB can be expressed simply as

ω(ξf , ξg) = {f, g} = ξf g = −ξgf. (2.6)

In the language of Lie algebras, we define a Casimir function C ∈ F (P) as a function which Poisson
commutes with every other function. That is to say, it is annihilated by every Hamiltonian vector field.
Furthermore, by the above relation ξC is trivially null. Borrowing now on our understanding from
Quantum Mechanics, we have a set of Casimir operators and wish to further study a given system.
We therefore classify our state space using what would be called “good quantum numbers”. Here this
translates to defining a level set PC where a set of Casimir functions Ci(x) are all set to constants Ci.
Then any Hamiltonian vector field is tangent to the level set since ξf Ci = 0.

Finally, given a certain symplectic manifold how may we change it to find equivalent spaces? That is
to say, consider a smooth coordinate transformation x → x̂(x). Let’s investigate then how Hamilton’s
equations (2.1.1) transform

dx̂i

dt
= ∂x̂i

∂xj

dxj

dt
= − ∂x̂i

∂xj
J jk(x) ∂

∂xk
H(x) = − ∂x̂i

∂xj

∂x̂k

∂xl
J jl

  
=Ĵik(x̂)

∂

∂x̂k
H. (2.7)

This also tells us that the Hamiltonian is left unchanged under this change of coordinates. These
diffeomorphisms are called canonical transformations and the covariance of J implies the covariance
of the PB itself. Furthermore, for infinitesimal transformations x̂i = xi+ξi one can show via the Jacobi
identity that for a Hamiltonian vector field the Lie derivative LξJ = 0 and hence for symplectic
manifolds where ω is well defined everywhere we also have that Lξω = 0. Which is why these
transformations are also known as symplectomorphisms.

Now that we’ve built up a sufficient understanding to converse in the language of classical dynamical
systems, we can begin to move on to the concept of Liouville integrability. The central statement
here i.e. what we will endeavour to show and then to use, is that there exists a class of systems
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for which solutions of Hamilton’s equations can always be found by quadrature. Dynamical systems
endowed with this property are labelled Liouville integrable or completely integrable. This property
succinctly put takes the form of the Arnold-Louiville Theorem. A more formal presentation of the
theorem and an outline of the proof is discussed in Appendix A.2. The notion of Liouville’s theorem
is central to integrability and hence any unfamiliar readers are recommended to read through the
appendix to gain some familiarity with terminology and concepts before moving onto 2.2.

What we have accomplished so far has been quite general in nature. A rational question to ask
now would be that of embedding our notion of integrability with physical intuition. We do this by
analysing the action and equations of motion of a general system. In particular, any symmetries they
may have - called in the literature variational symmetries. One can then use this language to find
a method of finding necessary conditions on integrability via Nöther’s theorem. This fundamental
part of integrability is luckily often covered in elementary analytical mechanics. For the lay reader
who may not be familiar with the formalisation of Nöther’s theorem and its proof or are in need of a
refresher, they should consult A.1.

2.1.2. Lax Representation

This is most likely the first topic new to those readers with a basic understanding of analytical mechan-
ics. The modern literature uses a much more formulaic technique to investigating the integrability of
dynamical systems, the notion of Lax pairs.

Definition 4 (Lax Representation). If there exist two matrix valued functions of the phase space of
a dynamical system called a Lax pair, L and M such that

L̇ = [M, L]. (2.8)

then the system is said to admit a Lax representation.

The natural question, of course, is if we can solve for L. We will do this explicitly by invoking the
adjoint operators

adX ⋆ := [X, ⋆], AdX ⋆ := X ⋆ X−1.

The defining relationship of the Lax pair can then be written as

L̇ = adM L.

Since M and L are both functions of time, in general, then we solve this separable ODE as

dL · L−1 = dt adM = d ln(L) ,

ln(L(t)) − ln(L(0)) =
ˆ t

0
dτ adM(τ),

L(t) = exp

ˆ t

0
dτ adM(τ)


L(0).
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Now we use the linearity of the adjoint operator to bring the integral into matrix and the Campbell
identity [5]

eadX = Adex . (2.9)

Thereby rewriting the solution to L as

L(t) = Ad´ t
0 dτM L(0).

For ease of notation, however, we define the following matrix valued function g and hence can rewrite
the solution in the standard presentation

g(t) := exp

ˆ t

0
dτ


M(τ) =⇒ M(t) = ġg−1

L(t) = g(t)L(0)g(t)−1. (2.10)

It’s vital to note here that these solutions are not unique and can be gauge transformed as follows

L → hLh−1, M → hMh−1 + ḣh−1. (2.11)

The reader should note the similarity of this construction to the Von Neumann equation [6] in quantum
mechanics

i∂tρ = adH ρ,

where ρ is the density matrix, H the Hamiltonian operator, and we’ve set ℏ = 1. It should be obvious
then that the eigenvalues of L are constant since they are analogous to the probabilities of being in a
certain eigenstate. Here and throughout the rest of this work we will use the following notation,

L1 = L ⊗ 1 =
∑

ij

Lij Eij ⊗ 1,

where Eij are the canonical basis matrices i.e. (Eij)kl = δikδjl. Similarly,

L2 = 1 ⊗ L, T12 =
∑

ij,kl

Tij,kl Eij ⊗ Ekl, T21 =
∑

ij,kl

Tij,klEkl ⊗ Eij .

In general, we say that Lα is the embedding of L into q copies of our space

Lα := 1 ⊗ 1 ⊗ 1 ⊗ · · · ⊗ L  
α

⊗1 ⊗ · · ·

and similarly for Tαβ in the α and β positions. We must also define two more properties of this
language to continue our discussion. Firstly, the partial trace of an operator

Trα X :=
∑

i1j1,i2j2,...

Xi1j1,...iqjq Tr(Eiαjα)Ei1j1 ⊗ Ei2j2 ⊗ · · · Êiαjα ⊗ · · · Eiqjq (2.12)

where the hat indicates the omission of the α position matrix. Secondly, the PB of two operators is
defined in the obvious way

{L1, L2} :=
∑

ij,kl

{Lij , Lkl}Eij ⊗ Ekl.
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Theorem 1 (Babelon-Viallet). The involutive property of the eigenvalues of the Lax operator L is
equivalent to the existence of a function r12 on the phase space such that

{L1, L2} = [r12, L1] − [r21, L2]. (2.13)

Such a function is called the r-matrix. In the case where r is a function of the system’s dynamical
variables then it is called the dynamical r-matrix.

We will also note that the r-matrix is clearly antisymmetric.

Corollary 1 (Classical Yang-Baxter Equation). Seeing such a clean relation between the Poisson
bracket of two Lax matrices, one might ask what happens if we were to utilise the Jacobi identity as
defined for Poisson brackets? This precisely yields,

[r12, r13] + [r12, r23] + [r13, r23] = 0. (2.14)

This construction is beautiful - but possesses a potentially detrimental flaw. As is discussed more
thoroughly in A.3, the quantity Ik := tr Lk is an integral of motion with the usual independence
criterion of Poisson commutativity. However, this rather naturally leaves the number of independent
integrals of motion obtainable in this fashion capped at the rank of the Lax matrix. Which is of
particular issue for systems with a high dimensionality compared to the rank of the Lax matrix. This
problem is fixed via the introduction of a quantity known as the spectral parameter. This does
not have to be, and is in general not, a physical quantity. Indeed, it is oft just some λ ∈ C. We do
necessitate that the Lax pair (L, M) are both functions of this parameter and the defining commutation
relation holds for all values of λ. Indeed, as shown in [2], if one further assumes that the pair are
rational functions of the spectral parameter then the Lax matrix can be diagonalised around its poles.
Thereby telling us that the coefficients of the Laurent expansion are integrals motion thus increasing
the number of independent integrals of motion and fixing the aforementioned issue. The procedure
outlined in the text for building integral models and the results of which we have used here is known
as the Zakharov-Shabat construction.

The natural question now is that given this new spectral parameter framework, can we apply the
same logic as in Corollary 1 ? The answer is yes. Doing so we also assume that the r-matrix will be a
function of the two relevant spectral parameters. In particular, a function of the difference between the
two spectral parameters with the same anti-symmetric property that we discussed above. This notion
behind why the r-matrix being a function of the difference between spectral parameters features again
and is seemingly related to a sort of translational invariance in parameter space. This makes sense
since the only physical quantities seem to be related to the expansion around the different poles of L.
So if we translate the entire complex plane then the nature of the expansions themselves won’t change
much. This process, as outlined in [7], results in

[r12(λ1 − λ2), r13(λ1 − λ3)] + [r12(λ1 − λ2), r23(λ2 − λ3)] + [r13(λ1 − λ3), r23(λ2 − λ3)] = 0. (2.15)

Thus concludes our preliminary discussion of classical integrability. Now that we have a sufficient
physical motivation we can move forward to develop a more sophisticated mathematical understanding
of the problem at hand in the form of symplectic geometry. It has been a purposeful choice to forego
examples of the use cases of Liouville integrability and the Lax Representation for brevity. Many
examples can be found in detail throughout the literature but we recommend [1], [2].
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2.2. Symplectic Geometry & Group Theory
In this section, we explore the mathematical background motivating our entire view of integrability
going forward. We begin by discussing the coadjoint orbit of a lie group and how it ties in with
integrability via Hamiltonian reduction. We conclude with an example being the cotangent bundle of
a Lie group.

2.2.1. Coadjoint Orbits of a Lie Group

For our further discussion, let G be a connected Lie group and g its Lie algebra. Denote g∗ the dual
of g i.e. the space of linear continuous maps g → R. We can define the gradient of smooth functions
over g∗, the space F (g∗) as

〈m, ∇f(l)〉 := lim
t→0

f(l + tm) − f(l)
t

, l, m ∈ g∗.

Definition 5 (Kirillov-Kostant Bracket). The KK Bracket is defined as

{f, h} := 〈l, [∇f(l), ∇h(l)]〉 . (2.16)

Thereby, it endows the dual space with the structure of a Poisson manifold. Fixing a basis of the
algebra ei such that

[ei, ej ] = ck
ijek

defines also the basis of the dual space by

ei, ej


= δi

j. In these coordinates we write g∗  l = lie
i and

hence

∇f := ei
∂f

∂li
=⇒ ∇lj = ej .

The KK bracket between these coordinates, then, is

{li, lj} = 〈l, [ei, ej ]〉 = ck
ij 〈l, ek〉 = ck

ijlk. (2.17)

One might notice that at l = 0 the KK bracket is entirely degenerate. This may seem troublesome but
is actually symptomatic of a particularly beautiful point. To understand this, we first recover some
terminology from 2.1.1.

Definition 6 (Symplectic Leaves). Suppose there exists a complete set of m functions Ci ∈ F (P) is
a Casimir function. By definition, then, the Hamiltonian vector field generated by it, ξCi , vanishes.
Then the one-form dCi is in the kernel of the operator J since ξCi = J dCi. For non-constant Casimir
this means that the rank of J is less than dimension of the phase space. That is to say, the PB is
degenerate.

Recall the definition of a level set Pc as in (A.4). Then we trivially have that the tangent space of
this level set is just what is not in ker J at any point i.e. TxPc = Im J(x). Frobenius’ Theorem 6
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tells us that the level set is an integral submanifold of P and the tangent space at any point being the
kernel of J tells us that ω is non-degenerate. By theorem 13 in [8] we have

dω ∝ ξf · ω(ξg, ξh) − ξgω(ξf , ξh) + ξhω(ξf , ξg) − ω ([ξf , ξg], ξh) + ω ([ξf .ξh], ξg) − ω ([ξg, ξh], ξf ) .

Then, by the linearity and skew symmetry of ω we have

dω ∝ ξf · ω(ξg, ξh) + ξgω(ξh, ξf ) + ξhω(ξf , ξg) − ω


:0
[ξf + ξg + ξh, ξf + ξg + ξh], ξf + ξg + ξh



and expressing now the forms in terms of the PB we get

dω (ξf , ξg, ξh) = {f, {g, h}} + {g, {h, f}} + {h, {f, g}}

which vanishes due to the Jacobi identity. Therefore Pc is a symplectic manifold. This tells us
that the phase space foliates into integral even-dimensional submanifolds called symplectic leaves with
symplectic form induced by the phase space in its entirety.

Following this, we need to define the titular object.

Definition 7 (Coadjoint Orbit). Recall the definitions of the adjoint action of a Lie group and algebra
respectively,

Adg X := gXg−1, adX Y := [X, Y ], g ∈ G; X, Y ∈ g. (2.18)

The coadjoint action of G in the dual space is defined as

Ad∗
g l(X) := l(Adg−1 X) = l(g−1Xg). (2.19)

Similarly, the coadjoint action of the algebra on the dual space is defined via the derivative map such
that

ad∗
X l(Y ) := −l(adX Y ) = −l([X, Y ]). (2.20)

Under this coadjoint action we can split the dual space into orbits. The definition of an orbit passing
through a point m ∈ g∗ is

Om := {Ad∗
g m | g ∈ G}. (2.21)

Likewise, we also define the stabiliser group of this point Gm and hence the orbit can be expressed as

Om  G/Gm.

It can also be shown that the tangent space to the orbit at m can be identified as

TmOm  g/gm, gm := {X ∈ g | ad∗
X g = 0}.

Following our steps from earlier it is natural to define the action of a vector field generated by some
X ∈ g on a function f ∈ F (g∗)

ξXf(l) := − 〈ad∗
X l, ∇f(l)〉



2.2. Symplectic Geometry & Group Theory 10

and therefore the vector field itself can be expressed as

ξX = − 〈ad∗
X l, ei〉

∂

∂li
=

〈
ej , [X, ei]

〉
lj

∂

∂li
. (2.22)

These Hamiltonian vector fields are generated by the following linear function

fX(l) := 〈l, X〉

which does indeed yield ∇fX(l) = X. By the definition of the KK bracket then we have

{fX , h}(l) = ξXh(l).

We can define a closed two form ω on the orbit as

ωl(ξX , ξY ) := {fX , fY }(l) = 〈l, [X, Y ]〉 = f[X,Y ](l).

Evaluating this two form at the point m itself we see that ker ωm  gm. Which means that our two
form is non-degenerate on the orbit. Therefore, the KK bracket defined on any coadjoint orbit is
precisely one of the above defined symplectic leaves.

2.2.2. Hamiltonian Reduction

The idea of reduction is a powerful method to construct dynamical systems. Conceptually the idea
is to take a system with phase space P with a Hamiltonian H which is invariant under the action
of a continuous symmetry group. Nöther’s theorem yields a corresponding set of integrals of motion.
Reduction is the elimination of degrees of freedom by setting these integrals to constant values. Al-
though the dynamics confined to this portion of phase space is often degenerate and so we would also
need to eliminate redundant degrees of freedom.

We first turn our attention to proposing a well defined notion of Hamiltonian action of a Lie group.
Suppose that our phase space P is a connected manifold which is endowed with the action of a Lie
group G i.e. G × P → P . We denote as gx the image of x ∈ P under the action of g ∈ G. This
action induces an action on the space F (P) as

T (g)f(x) := f(g−1x).

In this representation, the vector field corresponding to an element of the Lie algebra is defined in
the usual way. So X → ξX defines the Lie algebra homomorphism g → X(P). The action is called
hamiltonian if, for all X ∈ g there exists a function fX such that

iξX
ω + dfX = 0.

Thus, the functions fX generate symplectomorphisms 3. To further pursue this notion of reduction
we need to generalise the results of the previous section slightly.

3We note that these functions are defined up to a constant. We choose this constant such that fX has linear dependence
on X and hence f[X,Y ] = {fX , fY }.
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Definition 8 (Momentum Map). For any x ∈ P the aforementioned map X → fX defines a linear
function on g i.e. precisely an element µ ∈ g∗,

〈µ(x), X〉 =: fX(x). (2.23)

Thereby defining a Poisson map

µ : P → g∗. (2.24)

This is the famed momentum map named for its analogous properties to momentum and angular
momentum as found in classical mechanics4.

Assuming the linearity condition mentioned previously the momentum map is uniquely defined and
the group action defines the vector field

ξX =: {〈µ, X〉 , ⋆}. (2.25)

Since the composition of linear operations, of which the momentum map definition and all Poisson
brackets are examples of, is a commutative process

ξXf = 〈{µ, f}, X〉

The question now becomes, how do we explicitly define the dual space with a PB. The linearity
condition

{fX , fY } = f[X,Y ]

gives us precisely the tool we need. Looking at the left hand side and recalling (2.23) we see

{fX , fY } = {〈µ1, X〉 , 〈µ2, Y 〉}

where µi denote different copies of the momentum map. Expanding this,

{fX , fY } = ξXfY = 〈{µ1, 〈µ2, Y 〉}, X〉 = 〈{µ ⊗ µ}(x), X ⊗ Y 〉 , {µ ⊗ µ} := {µ1, µ2}. (2.26)

Turning now to the right hand side let’s express the commutator of two vectors

[X, Y ] = [X, Y ]iei = eiX
jejY i − (X ↔ Y ),

X i = Xei =⇒ [X, Y ] = X ⊗ Y ei ∧ ej [ei, ej ].

Hence, the right hand side can be written as

f[X,Y ] = 〈µ(x), [X, Y ]〉 =
〈
〈µ(x), [ei, ej ]〉 ei ∧ ej , X ⊗ Y

〉
. (2.27)

4In the literature this object is often, nigh exclusively, called the moment map. However, this is apparently an
inaccurate translation of the French “application moment”. The idea was introduced in full by Jean-Marie Souriau in
[9] with roots going back to Lie. Marsden and Weinstein are responsible for this inaccuracy due to their 1974 work [10].
The issue is due to the French use of phrases that would translate to “linear moment” and “angular moment” which
simply are not used in English [11]. To attempt to rectify this mistake, no doubt in vain, we shall use only the correct
version here.
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Therefore, we define the Poisson bracket as

{µ ⊗ µ} := 〈µ(x), [ei, ej ]〉 ei ∧ ej .

We are now in a position to notice quite an important point. Define g(t) the one parameter subgroup
generated by X ∈ g. Then the transformation x → g−1x is, by definition, generated by the vector
field ξX . Hence,

〈ξXµ, Y 〉 = ξXfY = f[X,Y ] = 〈µ, [X, Y ]〉

which tells us that

ξXµ = − ad∗
X µ. (2.28)

Exponentiating this action also yields

µ(gx) = Ad∗
X µ. (2.29)

This tells us that the momentum map builds a correspondence between the group action on the phase
space and the coadjoint action such that an orbit in the phase space is mapped to a coadjoint orbit
in the dual space. Now we can define precisely what the reduced phase space actually is.

Definition 9 (Reduced Phase Space). Define the stabiliser group Gm of a point m ∈ g∗ and consider
the inverse image µ−1(m) ∈ P. Thus, we define the reduced phase space as

Pr := µ−1/Gm. (2.30)

Theorem 2 (Marsden-Weinstein). If a point m ∈ g∗ is chosen such that the action of Gm is free
and proper. That is to say, there exists no fixed points and the topological structure of the space is
preserved respectively. Then the reduced phase space is a smooth manifold.

The Marsden-Weinstein theorem is a well known result and the proof can be found in [10]. The same
body of work further asserts claim 1.

Claim 1. The reduced phase space is a symplectic manifold with symplectic structure induced by ω on
the entire phase space.

Proof. In general, we can evaluate the two form ωm with the vector fields V ∈ TmOm and W ∈ µ−1(m).
Any other evaluation can take this result as a basis. We say that V is generated by some fV but since
fV is constant on µ−1(m) then we have

ωm(V, W ) = − dfV (W ) = 0.

That is to say, along W fV is constant and hence its derivative is null. Furthermore, since ωm is
invariant under the action of Gm i.e. our choice of representative doesn’t matter. The form is well-
defined, bilinear, and antisymmetric.

Showing that the form is closed is trivial by its restriction. But we still need to show that the restricted
form is well-defined. By the above argument the vertical vectors are precisely those orthogonal to
Tmµ−1(m) i.e.

(TmG · m)⊥ = Tmµ−1(m).
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We conclude that this is an equality since both sides have the same dimension of dim P − dim G.
The left hand side since a G orbit has dimension dim G so then the skew orthogonal compliment has
dimension dim P − dim G. The right hand side since µ−1(m) is defined by dim G equations. So then
we can write the restricted kernel as

ker ω|µ−1(m)(m) = Tmµ−1(m) ∩ (µ−1(m))⊥ = gm(m).

All of these vectors will project to the identity when we take the quotient with respect to Gm. Therefore
ω|Pr is non-degenerate.

We have successfully been able to reduce the dimensionality of the phase space to

dim Pr = dim P − dim G − dim Gm.

But we promised that we would be able to connect this to the concepts of Nöther’s theorem and hence
be able to use it in a physical sense. Indeed, if a given dynamical system’s Hamiltonian is invariant
under the action of a symmetry group G then for any vector X ∈ g we have

−ξXH = {H, fX} = dfX

dt
= 0. (2.31)

Et voilà, we have shown that for some time parameter t the functions fX are in fact integrals of motion.
Therefore, the momentum map is constant along physical trajectories - earning its name. To obtain
the emergent dynamics we have constructed we must venture a bit out into the world of constrained
Hamiltonian system. Since if this is not a constrained - by the conservation of the momentum map
- Hamiltonian - by virtue of the hamiltonian action - system, what could be? This is a topic which,
unfortunately, often goes underappreciated in the context of classical mechanics and is often only
introduced in the context of quantum electrodynamics. For completeness a brief explanation can be
found in Appendix B since an understanding of Dirac brackets, et cetera has been assumed. An
excellent resource to be used for a more in depth discussion is [12]. Of course, we must also mention
that Dirac’s lectures on quantum mechanics [13] are renowned on the topic for very good reason.
However, in keeping with Dirac’s personality they are very condensed. We now understand the use in
principle and in practice of the Marsden-Weinstein Theorem.

2.2.3. Example: The Cotangent Bundle of a Lie Group

The cotangent bundle of a given simply connected Lie group provides a classic example of a phase
space with non-Abelian symmetries. It is what we will consider for our first example of Hamiltonian
reduction. This explanation shall not be as thorough as can be. We will only use it to outline the use
of reduction and some notation for later on. Suppose our group is, G, has some Lie algebra g. Define
two diffeomorphisms,

Lg(h) := gh, Rg := hg

the first called the left action and the second the right action. The differential, or pushforward, of the
left action then send ThG → TghG. In which case setting h = e, the identity element, yields the map
g → TgG. Which induces the isomorphism,

T∗G  G × g. (2.32)
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M x

ω1
ω2

ω3

v1
v2

v3

TxM  T ∗
x M

Figure 2.1. Here we see a diagrammatic representation of the tangent space and cotangent space of a given certain point
x on a manifold M . The tangent space, on the left and in red, has orthogonal basis elements vi. The cotangent space,
on the right and in blue, has basis elements ωi. A covector is a linear functional which maps a vector in tangent space to
a scalar. Here we specifically mention that the two spaces are isomorphic. This identification can often be accomplished
with the definition of an inner product as is easily seen through Dirac notation. It is precisely in this fashion which we
will identify the Lie algebra of a Lie group with it’s dual space towards the end of Sec. 2.2.3. The tangent, and hence
cotangent, bundle of a manifold denoted as T M and T ∗M respectively can then just be thought of as the union of all of
these individual spaces.

Then we define the left and right invariant vector fields,

ξl
X := (Lg)∗X, ξr

X := (Rg)∗X, (2.33)

for X ∈ g. We will largely only cover the left action here and refer to [2] for details on the right action
analysis. That being said, we will cite results for the right action when needed.

The Lie group itself is defined with the multiplication and inverse rules,

ψg,l(h, m) := (gh, Ad∗
h−1 l + m), φ(g, l) := (g−1, − Ad∗

g l).

Then we shall calculate the left vector field as,
d
dt

f(etX · (g, l))
∣∣∣∣
t=0

,

by using the multiplication map,

ξl
Xf(g, l) d

dt
f

(etXg, l)

∣∣∣∣
t=0

≊
d
dt

f

((1 − tX) · g, l)

∣∣∣∣
t=0

= d
dt

f

(g(1 − tg−1Xg), l)

∣∣∣∣
t=0

≊
d
dt

f

(e−t Ad∗

g X , l)
∣∣∣∣

t=0
= Dr

− Ad∗
g Xf,

and so we arrive at

ξl
Xf(g, l) = −

〈
ei, g−1Xg

〉
Dr

i f

ξr
Xf(g, l) =

〈
ei, X

〉
Dr

i f −
〈
ad∗

g l, ei

〉
∂if

. (2.34)

Where the latter is the general formula for the right invariant vector field.

The left invariant field also then defines the right differential of G,

ξl
Xf(g) = d

dt
f(getX)

∣∣∣∣
t=0

=: Dr
Xf. (2.35)
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This gives us the commutators in the expected form,

[ξl
X , ξl

Y ] = ξl
[X,Y ], [ξr

X , ξr
Y ] = − ξr

[X,Y ], [ξl
X , ξr

Y ] = 0.

[D l
X , D l

Y ] = −D l
[X,Y ], [Dr

X , Dr
Y ] = Dr

[X,Y ], [D l
X , Dr

Y ] = 0.
(2.36)

The pullbacks also then define the cotangent space and thus the isomorphism5,

T ∗G  G × g∗. (2.37)

Consider the two differential one forms on the cotangent bundle defined as the left and right invariant
forms θ and ϵ such that

(Lg)∗θ(X) =: l(X), (Rg)∗ϵ(X) =: m(X), X, l, m ∈ g∗.

As per usual, we assume that G is a matrix Lie group and introduce the Maurer-Cartan one forms,
Ωl and Ωr, which takes values in the Lie algebras. These forms send TgG → g,

Ωl
g := g−1 dg (ξl

X) = X, Ωr
g := dg g−1(ξr

X) = X, X ∈ g. (2.38)

We define the canonical pairing between the Lie algebra and its dual by 〈·, ·〉 and gain formulae for
the invariant one forms by,

θg =
〈
l, g−1 dg

〉
, ϵg =

〈
m, dg−1 g

〉
. (2.39)

This shows explicitly the fact that θ, ϵ ∈ G × g∗  T ∗G. Though θ lives in the left parameterisation
of the cotangent bundle and ϵ in the right. These parametrisations can be mapped to each other by,

m = Ad∗
g l,

then by recalling (2.19) we identify

ϵg(X) =
〈
l(g−1Xg), dg g−1

〉
=

〈
l(X), g−1 dg gg−1

〉
=

〈
l(X), g−1 dg

〉
= θg(X),

which tells us that ϵ(g, m) ∼ θ(g, l). Following this duality of left and right parametrisations, we can
define the symplectic manifold using either one forms. We will use the left and define

ω := dθ =⇒ ωg =
〈
dl ∧ g−1 dg

〉
−

〈
l, g−1 dg ∧ g−1 dg

〉
. (2.40)

The reader might see g−1 dg ∧ g−1 dg and be slightly concerned that this is not equivalently zero by
anti-symmetry. This is not true. As we discussed, G is a matrix group and hence the wedge product
here is between entries of the matrices. Now defining the function f(g, l) ∈ F (G ×g∗), the differential
can be written, using the left differential, as

df =
〈
ei, g−1 dg

〉
Dr

i f + dli ∂if, Dr
i := Dei .

The left differential here, since it’s linear, allows the transfer of the structure constants ck
ij of g in a

given basis {ei}. Looking for the hamiltonian vector field corresponding to this function we suppose
the form through an ansatz,

ξf = ΨiDr
i + χi∂

i, (2.41)
5We here mean in a geometric sense. As will be explained later, this product is actually a semi-direct product. This

yields information regarding the group structure only and therefore does not affect this statement.
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which tells us,

iξf
ωg =

〈
dl (ξf ) ∧ g−1 dg

〉
−

〈
dl ∧ g−1 dg (ξf )

〉
−

〈
l, g−1 dg (ξf ) ∧ g−1 dg

〉
+

〈
l, g−1 dg ∧ g−1 dg (ξf )

〉
,

iξf
ωg =

〈
χie

i, g−1 dg
〉

−
〈
dl , eiΨi

〉
−

〈
l, eiΨig−1 dg

〉
+

〈
l, g−1 dg eiΨi

〉
,

iξf
ωg =

〈
χie

i − Ψi ad∗
ei

l, g−1 dg
〉

− dli Ψi.

Where we’ve used the fact that Ψi is an element of the algebra and χ an element of the dual space.
By the definition of a hamiltonian vector field, we have iξf

ω = − df and so we can express the same
object as

iξf
ωg = − df = −

〈
ei, g−1 dg

〉
Dr

i f − dli ∂if.

Matching these terms we get,

Ψi = ∂if, χie
i = ∂if ad∗

ei
l − eiDr

i f =⇒ χi = 〈l, [∇f, ei]〉 − Dr
i f. (2.42)

Thereby the hamiltonian vector field itself is

ξf = ∂if Dr
i + (〈l, [∇f, ei]〉 − Dr

i f) ∂i. (2.43)

So we may finally write the Poisson bracket as

{f, h}(g, l) = 〈l, [∇f, ∇h]〉 + 〈Drh, ∇f〉 − 〈Drf, ∇h〉 . (2.44)

Suppose now we choose a faithful representation of the Lie group G, ρ, and so we choose to denote the
matrix elements of a group element g in this representation by ρij(g). So we generalise the computation
of Poisson brackets of function on T ∗G. Since F (G × g)  F (G) ⊗ F (g) we can build up a basis
for the total function space by finding bases for the individual function spaces. We use the elements
ρij(g) as the basis of the group function space and ξi

X for some given X ∈ g. The Poisson bracket of
any two functions on the phase space is then effectively equivalent to the Poisson brackets of any two
combinations of basis functions. Then since ρij(g) has no dependence on the momentum - i.e. the l

coordinate - then (2.44) simply vanishes.

Next we consider the Poisson bracket of ξl
X and ρ. The former, generating translations by some X,

acts on a function as a left action ρ(g) → ρ(gX). Which tells us that this should reduce to a left
action. Indeed using (2.44),

{fX , ρij} = 〈DrfX , ρij(g)〉 = 〈X, ρij(g)〉 = ρij(gX).

Finally, the Poisson bracket between any two hamiltonian vector field Poisson commute in the usual
sense. These results tells us that for some matrices representing group elements ρ and some X

corresponding to hamiltonian vector fields ξX have the Poisson commutation relations,

{ρ, ρ} = 0,

{X, ρ} = ρ,

{X, X} = X.

(2.45)
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These commutation relations implies that for the phase space P = T ∗G we see that

TeP  g ⊕s Teg
∗,

where ⊕s represents a semi-direct sum. Exponentiating this we have,

T ∗G  G ⋉ g∗,

we have the structure of a semi-direct product on our phase space.

Comparing (2.43) to (2.35) we see that we can identify that for the left representation we have that
the ∂if component is null. The remaining part is given by,

∂i
〈
µl, X

〉
= −

〈
ei, g−1Xg

〉
=⇒

〈
µl, X

〉
= −

〈
l, g−1Xg

〉
= −

〈
Ad∗

g l, X
〉

.

Applying the same logic to the right invariant vector field we get,

〈µr, X〉 = 〈l, X〉 .

These leads us precisely to the momentum maps in the left and right representation. Utilising (2.2.3)
we get an expression for the right and left moment maps as,

µl(g, l) = − Ad∗
g l = −m, µr(g, l) = l. (2.46)

As we’ve mentioned before, the reduction technique is oft not complete when constructing the mo-
mentum map. Indeed, this is the case here. We see that the left and right momentum maps Poisson
commute and thus are both skew-orthogonal with respect to ω at any point of the phase space. This
gives two symplectic leaves µ−1

l (l) and µ−1
r (n) for any l, n ∈ g∗. Fixing some l = l0 we have that since

µl(g, l) = − Ad∗
g l we get

µ−1
l (l0) = {(g, − Ad∗

g−1 l0) | g ∈ G}  G. (2.47)

So that the reduced phase space is then given by the left coset with the isotropy group of l0,

Pr  Gl0\G,

and similarly for the right action.

All of this discussion regarding the coadjoint representation and covectors in general begs the question
- can we simplify our life by relating this back more directly to the adjoint representation and vectors?
Indeed, this is a very natural question to ask. Since introductory linear algebra, we have often made
this identification without knowing as much. We would like to discover a bilinear, symmetric, non-
degenerate form - also known as an inner product - denoted as 〈,〉g. It should also be invariant under
the adjoint action of a group member. Identifying the tangent basis elements with the cotangent
basis via an orthonormal inner product relation one can write the Poisson structure outlined in (2.45)
explicitly as in [2],

{g1, g2} = 0,

{l1, g2} = g2C12,

{l1, l2} = 1
2{C12, l1 − l2}.

(2.48)

Now l is an element of the Lie algebra and the subscripts refer to matrix spaces as was the case in Sec.
2.1.2. The object C12 here is of great significance and will feature again in our discussion on quantum
integrability.
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Definition 10 (Split Casimir). Let g be a simple Lie algebra with generators Xa and U(g) is its
universal enveloping algebra. The adjoint representation of the Lie algebra is used to define the Killing
form of the algebra, gab. Using the definition of the quadratic Casimir operator as inspiration together
with the fact that a simple Lie algebra is endowed with an invertible Killing form, we define the split
Casimir operator,

C = gabXa ⊗ Xb. (2.49)

For further discussion on the split Casimir operator we direct readers to [14].

The action of the split Casimir on an operator that lives in the mixed matrix space, e.g. B12 =


ij, kl Bij, klEij ⊗ Ekl, is to permute the matrix spaces. That is to say,

C12B12 = B21C12.

In particular, when concerning our group elements gi in the context of the invariance of the adjoint
action we have that the split Casimir to feature for us is of the form,

C12 =
∑

i

ei ⊗ ei. (2.50)

Thus concludes our discussion on symplectic geometry and with it our overview of classical integrability.
The mathematical framework we have developed the basis of has allowed us a mere glimpse through
the rabbit hole to the Wonderland of integrability. We again must recommend [1], [2] for further detail
and discussion. Indeed, our rationale for exploring the cotangent bundle of a Lie group as our limit
and most detailed venture into the mathematical realm of classical integrability is purely to be able
to utilise Hamiltonian reduction on T ∗GLN (C) to produce the hyperbolic Calogero-Moser-Sutherland
(CMS) model and its relativistic6 generalisation the Ruijsenaars-Schneider (RS) model. The former
being of particular interest throughout this text.

6As is always necessary to caution, the term relativistic here does not naïvely relate to special relativistic physics.
Indeed, it is defined for particles with a potential that necessarily travels instantaneously, the so called “spooky action
at a distance”, and therefore to consider it relativistic in nature is fundamentally incorrect. Instead, relativistic here is
merely in the context of generating the Poincaré algebra.



3. Quantum Integrability

3.1. Quantum Groups

3.1.1. Quantisation

As we have found through our lengthy discussion in Sec. 2.2, the mathematics underlying integrability
is difficult. It requires a keen understanding of algebra and geometry. This fact is demonstrated even
more so in the latter sections on doubles and Poisson reduction. It is ironic that classical mechanics
- taught from a school age and the shared basis for humanity’s interpretation of reality - can be so
intuitive in nature but so incredibly demanding in its requisite mathematics whilst quantum mechanics
- famed for its unintuitive results and loved by sensationalist pop sciences authors the world over -
can actually be relatively simple in the pursuit of solutions. Indeed, one cited reason for this is the
highly non-linearity found in classical equations whereas the basis for non-relativistic, closed quantum
mechanics is the linear Schrödinger equation. In our following discussion, we will eventually arrive
at the stage where our work is easier than the corresponding classical analysis would be. However,
before we get there we must delve once more unto the breach.

We begin by first simply generalising the notion of a Lie group to a structure that makes a natural
extension.

Definition 11 (Poisson Map). Let P and Q be Poisson manifolds with Poisson bracket {·, ·}P and
{·, ·}Q defined on them respectively. Then a map ς : P → Q is considered to be a Poisson map if for
all x ∈ P and functions f, g ∈ F (Q) the following condition holds,

{f, g}Q(ς(x)) = {f ◦ ς, g ◦ ς}P (x).

Definition 12 (Poisson-Lie group). A Poisson-Lie group is a Lie group G together with a Poisson
bracket where the manifold corresponding to the group is Poisson. Furthermore, the map defining
group multiplication, ψ : G × G → G must be a Poisson map.

This notion of a Poisson-Lie group is central to classical and quantum integrability. The former being
a natural arena to analyse Poisson reduction - a generalisation of the Hamiltonian reduction discussed
in Sec. 2.2.2 - which is beyond the scope of this text but the reader is referred to [2]. The latter is the
motivation behind defining it here. We intend to “quantise” the Poisson-Lie group.

A seemingly common practice is the conversion of the real space dynamical variables, position and
momentum, with holomorphic counterparts. In which case we also define ℏ not as unity, as God
intended [15], but to some complex number ℏ ∈ C. This decision can be taken for several reasons.
When analysing the quantum Hall effect, for example, since the covariant derivative includes an
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imaginary term being the vector potential then it is natural to work on the complex plane. In our
case, the reduction technique is actually blind to a lot of constraints and actually produces what’s called
an algebraic integrable system. Once this has been constructed, one can enforce physical conditions.
So here we find that it’s simpler to work with complex dynamical variables but one can always enforce
the hermiticity of these operators together with ℏ → −iℏ some purely imaginary number. In the
holomorphic regime, the canonical commutation relations have adjusted as follows,

[qi, qj ] = 0, [pi, pj ] = 0, [pi, qj ] = ℏδij . (3.1)

Although we have spent a substantial amount of time and effort building up the fundamentals of
integrability through classical mechanics, we must still be very careful about what intuition can and
cannot be carried through to the quantum regime. Indeed, for a Liouville integrable system with
involutive integrals of motions fk then we say the corresponding quantum integrable system is the
quantisation of the classical system and we impose that the operators Fk will all commute. Similarly,
following the fact that the set of functions fk are all independent we make the claim.

Claim 2. The set of quantum operators Fk are not algebraically independent following from their
classical counterparts’ functional independence.

Proof. We will prove this by contradiction. Suppose we have some finite dimensional Hilbert space H

with dimension d. On this Hilbert space we choose a shared eigenbasis of two commuting operators
A and B. We can represent these operators in terms of the eigenbasis projection operators, i.e.
A =


j ajPj with Pj = |j〉〈j|, or as matrices

A =




a1 . . . 0
... . . . 0
0 0 ad


 , (3.2)

with B being decomposed in the same fashion. Since these matrices are diagonal, through repeated
substitutions and multiplications we can represent the projection operator as Pj =


i=j

B−bi
bj−bi

. But
since the operator A depends on the projection operator the claim must be incorrect.  

3.1.2. Quantum Yang-Baxter

We now move on to provide a very brief definition of Hopf algebras. As always, the text [2] provides
an excellent summary of the topic which is more comprehensive than here whilst the more interested
reader is directed to [16]. This definition - more precisely a small addition alongside this definition
- will grant us the ability to work with the quantum Yang-Baxter equation and with it, the basis of
quantum integrability in practice.

Definition 13 (Hopf algebra). Let A be a unital associative algebra. We say that A is a Hopf algebra
over a field K if we can define on it a coproduct ∆ : A → A ⊗A , a counit ϵ : A → K, and an antipode
S : A → A satisfying a set of axioms which can be found in [2]. Furthermore, we note that a vector
space defined with only ∆ and ϵ is called a coalgebra whilst an algebra that is also a coalgebra is called
a bialgebra.
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Definition 14 (Quantum group). A quantum group1 is a Hopf algebra over a field C under some
particular deformation which produces an additional relation which classifies the algebra as a quasi-
triangular Hopf algebra. This additional relation is equivalent to the statement that there exists an
object R ∈ A ⊗ A which is a solution to the quantum Yang-Baxter equation.

R here should be considered a quantum analogue of the classical r-matrix as defined in (2.13) and so we
will often refer to this as the quantum R-matrix or simply the R-matrix. The quantum Yang-Baxter
equation, hither-forth referred to just as the Yang-Baxter equation, is a deceptively simple relation,

R12R13R23 = R23R13R12. (3.3)

But do not let this fool you, it is incredibly rich with physical and mathematical curiosities. We will
retroactively motivate it with two similar examples relating to the notion of a spin chain and factorised
scattering, the latter essentially being the fundamental assumption predicating the Bethe ansatz - one
of the most central techniques in quantum integrability. We should also make note of a separate form
that the Yang-Baxter can take using the split Casimir operator as defined in 10.

Claim 3. If and only if a matrix, R, satisfies the Yang-Baxter equations, then the matrix R := CR

satisfies the braid equation,

R12R23R12 = R23R12R23. (3.4)

Therefore, the braid equation is equivalent to the Yang-Baxter equation.

The proof is omitted but can be found in [18].

One of the first and most fundamental interacting quantum systems approached by physicists in
the Heisenberg spin chain. A model developed by Werner Heisenberg in order to study the statistical
physics of magnetic systems [19]. Here we will concern ourselves with the one-dimensional XXX model
with periodic boundary conditions which consists of a chain of spin 1

2 particles, i.e. electrons, that forms
a loop as is seen in Fig. 3.1. Without loss of generality, we can also remove the effect of an external
magnetic field by gauge transforming resulting in not periodic but twisted boundary conditions. Each
electron is static and therefore is described entirely by its spin state thereby forming a single particle
two dimensional projective Hilbert space H  S2 with basis {|↑〉 , |↓〉}. Then if we decide to model an
N electron long chain the Hilbert space of the entire system is obviously H =

N
i=1 H = H⊗N . The

Hamiltonian of the system, noting again the static nature of the electron, is given by

H = −J
N∑

i=1
Sα

i Sα
i+1, (3.5)

where Sα
i is the αth component of the ith electron’s spin.

Suppose we want to switch around two of the electrons. How would one accomplish this? One way of
looking at the problem is to question the nature of a one dimensional system itself. Obviously we live
in a 3 + 1 dimensional world so what is the use in discussing one dimensional systems to begin with?

1At least here we will consider the term “quantum group” to refer to the term in the sense put forth by Drinfel’d [17]
.



3.1. Quantum Groups 22

1

2

3

Figure 3.1. An illustrative example of the Heisenberg spin chain with periodic boundaries consisting of N = 12 electrons.
Highlighted is a segment of 3 electrons which we study more closely in Fig. 3.2 while discussing the R-matrix as it applies
to this system.

R12R23R12

1 2 3

1 2 3

R23R12R23

321

321

Figure 3.2. A diagrammatic illustration of the concept of braiding as motivated by swapping neighbouring electrons
in the XXX Heisenberg spin chain. Here we see that even though the electron pairs are swapped in different orders, it
does not change the end result - the action still corresponds to the cycle (1 3). This is the notion of “consistency” that
makes the quantum Yang-Baxter equations so useful.

Well, physically the system is still embedded in an ambient higher dimensional space. In our case,
we might as well treat this ambient space as two dimensional although again technically it is three
dimensional. Through this lens, to swap particles around would require moving the particles in a way
that appears to each electron as a relative circular path around it travelled by the other electron. In
fact, this perspective is incredibly important in the context of anyons. For example, in the fractional
quantum Hall effect when quasi-particles are moved in this fashion their wave functions acquire an
additional Berry phase. The result of which is fractional statistics and ultimately fractional charge.
However, as mentioned above and seen in (3.5), there are no dynamics in this system and therefore
the practicalities of “moving” the electrons is not overly well defined. With a pinch of salt, though, it
does physically motivate the second viewpoint of the problem - the introduction of auxiliary spaces.
An auxiliary space is a purely mathematical object which is a precise copy of the single particle
Hilbert space. This is, in fact, the singular space which the R-matrix acts on a tuple tensor producted
together. It is these auxiliary spaces that the electrons “live in” whilst being “moved”. Identifying R

with the swapping of two neighbouring electrons allows us to think of the Yang-Baxter as a consistency
equation describing the equivalence of permuting particles in the same fashion in two different ways.
In particular, we want to permute three neighbouring electrons via the cycle (1 3). This is illustrated
in Fig. 3.2. Returning to the embedding picture briefly, it is this precise relation together with a sense
of orientation, i.e. the difference between clockwise and anti-clockwise swaps, that generate the braid
group which is in turn so fundamental to the study of anyons.

Before we move on to the second physical use case for the quantum Yang-Baxter, let’s briefly introduce
the idea of a monodromy matrix. To begin, we connect back to the classical case discussed in Sec. 2.2.3.
In particular, since we have shown that g  g∗ then we identify some l ∈ g belonging to an orbit of
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R13R12

1 2 3

=

t

R12
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Figure 3.3. Another diagrammatic representation of the quantum Yang-Baxter equation. Specifically, the original
form with non-neighbour terms allowed i.e. before utilising the split Casimir operator. The equivalence comes from
the indeterminancy in the order of scattering. The left hand shows the term R23R13R12 corresponding to a scattering
between particles 1 and 2 then 1 and 3 and finally 2 and 3. Whilst the right hand side shows the process of 2 and 3
scattering then 1 and 3 followed by 1 and 2. Hence, it represents the term R12R13R23.

G = GLN (C) with maximal dimension so that it fully describes the system. Then we can diagonalise
l = TQT −1. This matrix T can be interpreted as relating to the interaction defining a system. In
this way we reveal its other name - the transfer matrix. As one will recall from quantum statistical
physics, the transfer matrix, T , of a system with N particles is used to calculate the canonical partition
function, Z = Tr

{
T N

}
.2 It’s clear through this transfer matrix representation that the mondoromy

matrix represents a pairwise interaction, in this context between two neighbouring particles. Which
allows us to motivate another relevant equation. If two neighbours interact and then are swapped,
this is equivalent to first swapping the particles and then allowing them to interact but in the opposite
order.

R12T1T2 = T2T1R12. (3.6)

This equation is well understood in the context of the spin chain but we will come back to it time and
time again.

Now, the second physical motivation. This ties into the work started by Hans Bethe [20] consequently
named the Bethe Ansatz. The basis for this is the concept of factorised scattering. The ansatz, in
this case, just that particles with interact in a purely pairwise fashion. This will be explained in more
detail in a later section but for the time being we can note that another assumption we use to simplify
the problem. Since the Hamiltonian interactions can be extremely complicated the process for actually
computing wave functions and such we deal purely in asymptotic limits. That is to say, supposing that
N particles enter in to the system in a certain order and with particular momenta. They will interact
in some highly non-trivial fashion and then return to infinity with a new set of momenta. These sets
are called the asymptotic momenta and are a discrete set of values that are permuted. However, given
that we do not actually require to know precisely what happens in the interaction section, particularly
what order these pairwise scatterings occur in. For consistency purposes, any ambiguities here must
similarly be solved by equation the two cases. This equality is demonstrated in Fig. 3.3.

We have now finally retroactively motivated the existence of quantum groups and, by proxy, given a
glimpse of the utility held by the quantum Yang-Baxter equation. Before we move on to a concrete

2It’s worth noting here the similarity between the partition function’s form and the integrals of motion in the Lax
representation as outlined in A.3. The left hand side of both cases, Z and Ik respectively, refer to fundamental information
about the system. Whilst the right hand has the same trace of a matrix power form. This duality provides us motivation
to how we define our objects.
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example of a quantum integrable system, let’s return try to quantise our earlier idea discussed in 2.1.2,
namely that of the spectral parameter. Effectively, by creating the space W =


k∈Z λkV , where

λ again plays the role of the spectral parameter, we can define the matrix R ∈ Mat(W ⊗ W, C) as
our new R-matrix hence satisfying the quantum Yang-Baxter relations. The matrix valued function
which acts only on two of these spaces in particular, R(λ, µ) ∈ V ⊗ V , is represented in the quantum
Yang-Baxter equations as

R12(λ, µ)R13(λ, τ)R23(µ, τ) = R23(µ, τ)R13(λ, τ)R12(λ, µ). (3.7)

Given a solution to this equation, one can also find an object T (λ) in a similar spirit. Performing
a Laurent series decomposition on this object yields generators of what is called the quantum affine
group. Of course, ensuring the following condition is met so as to not over count,

R12(λ, µ)T1(λ)T2(µ) = T2(µ)T1(λ)R12(λ, µ). (3.8)

This concept is used in physical system, namely when considering functions of momenta. However,
the formality of infinite dimensional quantum groups is beyond the scope of this text and we refer the
interested reader to [16].

3.2. The Calogero-Moser-Sutherland Model
The Calogero-Moser-Sutherland (CMS) model is a bit of a misnomer, since it is in fact a family of
integrable models. The rational CMS model is perhaps the simplest and most widely known of the
family. It describes the scenario of particles confined to a one dimensional line with an inverse square
pairwise potential. Furthermore, we will often consider that all confined in a harmonic potential,

H = −ℏ2

2
∑

i

∂2
i + ω2

2
∑

i

q2
i + γ(γ − ℏ)

2
∑

i=j

1
q2

ij

, (3.9)

where qij := qi − qj and we often set an effective coupling constant3 g := γ(γ − ℏ). In this section we
aim to outline three different CMS models and provide a brief discussion of the spectral problem.

First and foremost, the integrability of the CMS models is shown stemming from a most interesting
but perhaps unintuitive of places. We have discussed the procedure of Hamiltonian reduction on the
cotangent bundle of a Lie group in some detail in 2.2.3. One finds that from solving for the momentum
map and that there is at least two families of involutive functions that can be used to reduce the phase
space. The first of which results, through the reduction procedure, in the rational RS model and the
second actually results in the hyperbolic CMS model. Acquiring the Lax pair of this system we can
search for integrals of motion. Doing so, we realise that this member of the CMS family is simple
generalisation of the rational case. In particular, one can represent the Hamiltonian of system in a
similar fashion as (3.9),

H = −ℏ2

2
∑

i

∂2
i + g

2
∑

i=j

1
4l2 sinh2(qij/2l)

, . (3.10)

3One may notice that this coupling constant is quadratic in the parameter γ and ask what might be different when
the system decouples the inverse square ppotential in these ways. This question is related to statistics and the answer
will be discussed later on.
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Figure 3.4. A comparison between the pure rational CMS potential with no confining harmonic term with the trigono-
metric CMS potential for varying characteristic lengths. Here we have set the coupling g = 2 and we are dealing with
the two particle case. Furthermore, we work in coordinates of the first particle q with some interaction potential V (q)
in each case where we have set our coordinates such that the second particle is fixed at q = 0.

The mathematics involved in this procedure are lengthy, complicated, and ultimately irrelevant to our
discussion, therefore we refer the reader to [2] for more details.

As we can see, expanding in large characteristic lengths this simply reduces back to the rational case.
For our discussion, we will primarily focus on the rational model, but before discussing it any further,
let’s showcase our two other CMS models. Although we won’t discuss their properties nor spectra
in detail, they’re existence is vital to one of the applications of the CMS model and we will briefly
discuss - namely the quantum Hall effect on varying geometries.

The trigonometric CMS model is often viewed as a finite size version of the rational CMS model. It can
be obtained by analytically continuing the real space position coordinates qi → iqi. The Hamiltonian,
then, becomes

H = −ℏ2

2
∑

i

∂2
i + g

2
∑

i=j

1
4l2 sin2 qij

2l

. (3.11)

Notice here that even to find bound states, we do not need the confining harmonic potential that we
had in (3.9). The characteristic length in this case, l once more, is of great physical importance. It
effectively describes the finite size localisation that the potential enforces. Similarly, to the hyperbolic
case - though a bit more physically intuitive - expansions in large confining lengths will approach the
rational case. This transition can be seen directly in Fig. 3.4.

The final and by far the most complicated of the family is the elliptical CMS model. Its Hamiltonian
is given by,

H = −ℏ2

2
∑

i

∂2
i + g

2
∑

i=j

℘(qij | ω1, ω2). (3.12)

It can be shown that the rational, hyperbolic, and trigonometric models are all just special cases of
the elliptical model with varying values of ωi ∈ C. It is the immense difficulty of this model that
inspires a lot of work on the topic and so anything approaching a complete discussion on the topic is
outside the bounds of this document. However, we will return to it in a later discussion.
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3.2.1. The Spectrum of the CMS Models

Much of quantum mechanics in the real world revolves around the spectral problem. That is to say,
given a quantum system, how can one find the eigenvalues of the Hamiltonian - the allowed energy
levels of the system. It is this central problem which has pushed forward the foundations of quantum
mechanics like no other. The canonical formulation in the problem, as taught by physics classes and
books the world over, is to find the Hamiltonian of the system in some basis - oft related to position
or momentum - and exploit the orthogonality of polynomials to find a spectrum. This is precisely the
approach that we will consider here.

We begin first with the rational CMS model in a confining potential, as the simplest example. In
the one particle case this simplifies even further down to everyone’s favourite integrable system: the
harmonic oscillator. The standard procedure for the construction of a polynomial basis which the
wave function lives in is used here. Defining first the creation and annihilation operators,

a† := 1√
2

(−ℏ∂ + ωq) , a := 1√
2

(ℏ∂ + ωq) , (3.13)

allows us to write the Hamiltonian in the beautifully factorised form,

H = a†a + 1
2ℏω
  
=:E0

. (3.14)

Solving the differential equation posed by acknowledging that the annihilation operator will kill the
ground state i.e. a |∆〉 = 0 in the position basis results in the well known Gaussian wave packet
solution ∆(q) ∼ e−ωq2/2ℏ. We now construct the excited states in a generalisable fashion. One can
define the excitation Hamiltonian operator, H := ∆−1(H − E0)∆ and show trivially that it has the
position space representation,

H = −ℏ2

2 ∂2 + ℏωq∂. (3.15)

Now, to find eigenfunctions of H is equivalent to finding the polynomial part of the entire eigenfunc-
tions of H . Provided they take the form of Ψn = Pn∆, with Pn some polynomial. One may notice
that if we expand a polynomial over a monomial basis i.e. qi for i = 0, . . . , n that H will act as an
upper triangular matrix on this basis. The latter term will not change the order of the monomial
whilst the former reduces it two-fold. Expanding over this basis and enforcing that the eigenvalue of
the operator equal ℏωn we can get a recursion relation which in turn, when solved, reduces back to
the Hermite polynomials.

As mentioned, the utility in this approach is its ability to be generalised to the many particle case.
We can generalise the form of a and a† to a pair of non-Hermitian operators4,

Ai := ℏ∂i + ωi − γ
∑

j =i

1
qij

, A†
i := −ℏ∂i + ωi − γ

∑

j =i

1
qij

. (3.16)

4It is crucial to point out that these are not creation and annihilation operators since they do not form a canonical
commutation relation algebra.
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q1

∆(q1)

Figure 3.5. A qualitative image showcasing the behaviour of the ground state wave function of the rational CMS model
for a two body system. We have a two dimensional geometry representing q1q2 space. After fixing a certain value of
q2, the first particle has a particular ground state wave function represented by the dashed red line in the disk and
represented by the graph beneath. This representation of the system space will also be referred to again in the quantum
Hall effect context.

Then performing precisely the same calculation we can find the ground state wave function again.
Defining β := γ/ℏ, we find that the ground state in the position basis is given by,

∆ =
∏

i<j

(qi − qj)βe−


i

ωq2
i

2ℏ . (3.17)

This is an amazing result and should be setting off alarm bells for many the reader with a background
in condensed matter theory. This is naught but the Laughlin wave function as seen in the fractional
quantum Hall effect! Specifically, for filling factor β = m = 1

ν . Thus, we can see that from the
(anti)symmetry properties of the function - at least at the ground state - if β is odd then we can
describe fermions whilst β even will describe bosonic systems. In particular, the case γ = 0 describes
free bosons and γ = ℏ describes free fermions. Notice, however, that in either case of statistics the
wave function vanishes for qi = qj irregardless of statistics. This is a statement of the divergence in
the potential term. This eliminates the chances for tunnelling thereby allowing us to fix the order of
particles. This is qualitatively demonstrated for N = 2 in Fig. 3.5. This is a clue to some very deep
connection between the CMS models and the quantum Hall effect that we will discuss later.

Now that we have argued that the particles are, without loss of generality, ordered qi ≥ qi+1 forever we
can solely focus on this region of solution space, generalising it via particle statistics once a solution
has been found. Indeed, from our discussion regarding the generalised Hermite polynomials in C.2.1
we can find the excited state wave function. Following this, we can attain the energy of a state
corresponding to a given Young diagram,

Eλ = ℏω
∑

i

λi + 1
2Nℏω + N(N − 1)

2 γω. (3.18)

A more physically beautiful way of presenting this result comes from defining the following “momenta”,

kj := λN+1−j + (j − 1)β, satisfying, kj+1 − kj ≥ β.

This latter inequality can be interpreted as a generalised exclusion principle. Where particles must
have momenta separated β i.e. zero for free bosons and unity for free fermions. In which case we can
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write the energy of the system as,

E = 1
2ℏωN + ℏω

∑

i

ki. (3.19)

This decomposition is incredibly motivating for the study of integrable systems. As is well known,
additivity in the energy spectrum corresponds to the separability of the Hilbert space. Therefore,
an integrable system is one which can be written in terms of non-interacting quasi-particles carrying
quasi-momentum.

Clearly any pair of partitions with the same sum of λi or ki will have the same energy. This degeneracy
grows as a factorial which, as one could imagine, leads to highly degenerate states. This degeneracy
is actually related to a non-abelian symmetry in the model, specifically that of the WN -algebra [21].
In fact, degeneracies are the smoke corresponding to the flame of a non-abelian symmetry - think of
the hydrogen atom and SO(4) for instance.

Precisely the same procedure can be performed for the trigonometric CMS model [2] utilising now
Jack polynomials, which are discussed in [2]. Recall the form of the Hamiltonian given in (3.11) in
which one can define the variables, Qi := eiqi/l. The Hamiltonian then becomes,

H = −ℏ2

2
∑

i

∂i − g

2l2
∑

i=j

QiQj

Q2
ij

. (3.20)

The ground state wave functions is now given by, up to a phase,

∆ =
∏

i<j

(Qi − Qj)β
∏

i

Q
− 1

2 (N−1)β
i , (3.21)

which should again remind the reader of the Laughlin type wave function. Taking our previous advice
on board regarding the utility of quasi-momenta we define,

pj := ℏ
l


λN+1−j + (j − N + 1

2 )β


, (3.22)

satisfying the exclusion principle, pj+1 − pj ≥ γ/l. With this we can write the energy and total
momentum as,

E = 1
2
∑

i

p2
i , P =

∑

i

pi. (3.23)

In principle, having solved the trigonometric CMS model we can similarly solve the hyperbolic CMS
spectrum.5 So we will not comment on this here. The elliptical CMS model, however, is not so simple.
It has well been considered an outstandingly difficult problem. Recently, an explicit solution of the
eigenfunctions and spectrum were obtained in the form of infinite series, utilising so called elliptic
deformations of the aforementioned Jack polynomials [22].

Before we move on to discuss our final technique in quantum integrability, we must first finally explain
these drip-fed connection to the quantum Hall effect. We have seen first hand through the rational
CMS model that the state can be essentially boiled down to a one dimensional projection, or slice,
through the quantum Hall system on a disk as seen in Fig. 3.5. This notion can be formalised, however,

5It’s worth pointing out that due to convergence issues, it is not be a trivial leap.
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as in [3]. Essentially, this work illustrates that when the quantum Hall effect is put on a disk and one
treats the magnetic field as a deformation parameter, that for sufficiently high magnetic fields one can
justify projection the entire system down to the lowest energy level - called the Lowest Landau Level
(LLL). Physically, this corresponds to the inability of electrons to jump to the next higher band since
the band gap is proportional to the magnetic field. This projection effectively halves the dimensionality
of a two dimensional system, with a 4 dimensional phase space. The resultant 1 dimensional system
can be shown to have the same solution as the rational CMS model. Furthermore, placing the quantum
Hall effect on a cylinder one retrieves the trigonometric CMS solutions and even more astoundingly
performing a Fourier transform on that solution which amounts to swapping the canonical position
and momentum terms results in the solution to the hyperbolic CMS model. The elliptical case is a
bit more subtle but this will be discussed later.

3.3. Bethe Ansatz
To understand the use cases of the Bethe ansatz and how it allows us to solve physical models, we
first need to build a solid foundation in quantum mechanical time independent factorised scattering
theory.

3.3.1. Factorised Scattering

As mentioned previously, much of quantum integrability can be physically broken down, i.e. factorised,
into pairwise interactions between particulars. Therefore we must first briefly review two-body scat-
tering.6

The base idea of the procedure is to split the wave function into a relative motion part, with momentum
k, and centre of mass part, with total momentum K. Justified since the potential is translationally
invariant. In this case,

Ψ(q1, q2) = eiK(q1+q2)ψ(x), x := q1 − q2. (3.24)

So for sufficiently large x we have that the potential disappears and we can form scattering solutions
and by sewing them together over different regions form the following sets of asymptotic solutions,

ψ1(k, x) =





e−ikx/2 + A(k)eikx/2, x → ∞,

D(k)eikx/2, x → −∞
, ψ2(k, x) =





B(k)e−ikx/2, x → ∞,

eikx/2 + C(k)e−ikx/2 x → −∞.

(3.25)

The precise formulation of the argument allowing us to cite this general result is based on simple
quantum mechanics and can be found in [2], [23]. These texts also detail the procedure, utilising
the Wronskian, to match coefficients at the barrier between regions. The nature of working with
general potentials can be challenging, we therefore choose to use symmetries to their fullest potential
to simplify the problem as much as possible. For instance, by noting that the Schrödinger equation

6We forego a discussion on classical scattering here. One should consult [2] for any required further detail but we
shall attempt to be as self-contained as possible.
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is invariant under the Z2 symmetry of time reversal we can identify B = D. Furthermore, we assume
that the particles are sufficiently similar such that the potential is even and hence the Schrödinger
equation is also invariant under parity. Which, combined, allow us to introduce the S-matrix,

S :=
(

A B

B A

)
. (3.26)

This is the quintessential object in non-relativistic quantum scattering theory. Indeed, one may have
a glimpse into its utility as discussed in Sec. 3.1.2. However, the full weight of its use has yet to be
explored. We should note that the above assumptions also makes the S-matrix unitary. A basic point
that reinforces our interpretation of it as an evolution operator.

As is often the case in integrability, we have taken a complicated problem then rewritten it in terms
of non-interacting systems and finally we now recombine the system to find the full solution in terms
of the single particle solutions in the asymptotic regions,

Ψ(q1, q2) →




c1eip1q1+ip2q2 + (c1A + c2B)eip2q1+ip1q2 , q1  q2,

c2eip2q1+ip1q2 + (c2A + c1B)eip1q1+ip2q2 , q1  q2.
(3.27a)

Alternatively, Ψ(q1, q2) →




A(12|12)eip1q1+ip2q2 + A(12|21)eip2q1+ip1q2 , q1  q2,

A(21|12)eip2q1+ip1q2 + A(21|21)eip1q1+ip2q2 , q1  q2.
(3.27b)

These A objects are the amplitudes of different solution states where in general A(σ|τ) is the amplitude
ascribed to a state in which the positions are given the action of σ ∈ S2 on the set {1, 2} and the
momenta are given by the action of τ in a similar fashion. Indeed, this parametrisation makes physical
sense and we can identify the coefficients in (3.27a) and (3.27b) with one another. Doing so tells us
that, in fact, of the four amplitudes only two are independent at any time - which brings with the
freedom of choosing which two. In a similar fashion to how although Heisenberg and Schrödinger
pictures are entirely equivalent, they can be identified with different physical actions and will make
different problems easier, we may choose the representation for the scattering operator based on our
needs. We shall briefly detail the three most useful representation now [24].

The reflection-diagonal representation is of particular use in the case of an impenetrable potential.
In this case, two incoming particles with momenta p1 and p2 will interact with each other and thereby
swap momentum but ultimately the relation q1 ≶ q2 will remain constant. Since A and B are the
reflection and transmission coefficients respectively, this means that the S-matrix becomes diagonal.
The second is the transmission-diagonal representation. It’s effectively the same as for the reflection-
diagonal except the rows of the S is changed such that in reflection-less potentials, the matrix is
diagonalised. The final representation is that of the transfer-matrix where we want to describe
particle motion between sectors. This is done by transferring amplitudes in the following way,

(
A(21|12)
A(21|21)

)
=

(
− A

B
1
B

B2−A2

B
A
B

) (
A(12|12)
A(12|21)

)
. (3.28)

This combined with unitarity allows us to write,

T := 1
B(k)B(−k)

(
−A(k)B(−k) B(−k)

B(k) −A(−k)B(k)

)
, (3.29)
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the transfer matrix which moves a collection of amplitudes from one sector into another. It has
the useful properties of being an involutory and traceless matrix. We should quickly note here that
although they share the same form this transfer matrix is not identical to the likes of which that
appears in studying the Ising model since in that case the partition function is given by Z = Tr


T N



for an N particle chain. Whereas under this, the trace would be null for N odd and just 2 for N even.

3.3.2. Bethe Wave Function

We now move on to the case of multibody scattering as an introduction to the Bethe Ansatz. Here
we have an N particle system described by a wavefunction Ψ(q1, . . . qN ) with time independent
Schrödinger equation,

− ℏ2

2m

∑

i

∂2
i Ψ +

∑

i=j

v(qi − qj)Ψ = EΨ, (3.30)

here the potential v is translational invariant such that the total momentum P is conserved. There is
a notable complication that arises from treating k > 2 particle scattering events which we will discuss
here.

Claim 4. Factorised two body scattering interactions under a translational invariant potential obey
non-diffractive momentum conservation where the set of momenta {pi} are mapped to a permutation
of the same set in the final state. This is not the case for more complicated scattering events in general.

Proof. For the two body case, we have conservation of energy and momentum. The question of what
values of p1 and p2 are changed to after the scattering event then is a two dimensional problem -
that is the momenta build a two dimensional space - which is constrained. The energy constraint,
as expected, leads to the solutions living on a circle. Whilst the momentum conservation forces the
solutions to live on a line as in Fig. 3.6. Therefore, the only valid solutions to the final momenta are
given by the positive and negative permutation of the initial momenta. This is not the case in larger
interactions where the outgoing asymptotic wave function is given by,

Ψ ∼
∑

p̃i

A(p̃i)e
i
ℏ


j
p̃jqj δ

(∑

i

p̃i − P

)
δ

(∑

i

ϵ(pi) − E

)
. (3.31)

Which cannot be simplified any further for a general potential. Thus, the solutions to the momenta
live on some plane in a three body scattering event and the scattering diffractive.

Suppose that we have a set of N pairwise commuting operators Ik where H, P ∈ {Ik}. Then the energy
eigenfunctions will just be solutions to the eigenvalue equation, ImΨ = hmΨ. However, this could be
just as difficult for particularly complicated potentials. So we assume further that the operators Im

are actually deformation of the free theory operators, I
(0)
m since they are symmetric functions of the
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p1

p2

p1 + p2 = const. p2
1 + p2

2 = 2mE

Figure 3.6. A diagram illustrating the conservation law origin of non-diffractive scattering.

momenta. We work in fundamental domain to begin with, that is to say where qi < qi+1.7 Suppose we
find the asymptotic solution with some ordering of momenta, pi < pi+1. In this case the full solution in
the fundamental sector will just be collection of plane waves with the momentum and position indices
matching and the full solution is given by,

Ψ(qi) =
∑

τ∈SN

A(τ)e
i
ℏ


i
qipτ(i) . (3.32)

In general, we can divide the configuration space into N ! disconnected domains, each labelled by a
permutation of the fundamental sector by a permutation of σ and called a σ-sector. Then the entire
solution can be constructed by looking purely at the regions of each sector which is far from the
boundary where no positions are close and so the potential term in small. We can then parametrise
the asymptotic wave function as,

Ψ(qi|σ) =
∑

τ∈SN

A(σ|τ)e
i
ℏ


i
qσ(i)pτ(i) ≡ Ψ(qi) =

∑

τ∈SN

A(σ|στ)e
i
ℏ


i
qipτ(i) . (3.33)

This logic has left us with a remarkably simple expression for the wave function in the asymptotic
region. We have just motivated the famed Bethe wave function. Which originally dates back to
Bethe’s work on ferromagnetic spin chains [20].

Supposing our potential is impenetrable and so we can intuit that its entirely reflection-based. As
discussed earlier, this provides us with rationale to use the reflection representation to consider the
scattering problem algebraically. The reflection representation is simple enough to understand, suppose
the particle at position qi scatters with the qi+1 particle where momenta undergo the transformation
pτ(i) ↔ pτ(i+1) then the colour of the particle is preserved. This is the most classically intuitive picture
we can work in for these scattering events. We understand that when they are about to sink the 8-ball,
sinking the white ball instead is an issue of skill and not of transmission. Defining the transposition
operator, αi which swaps the target’s index i ↔ i + 1, we can represent the change in the amplitudes
after undergoing a scattering event in the right regular representation of the symmetric group, π, as,

A(σ|αiτ) = A(pτ(i), pτ(i+1)A(σ|τ), (3.34a)
A(σ|αiτ) = B(pτ(i), pτ(i+1))(π(αj)A)(σ|τ). (3.34b)

7Further work can always be done by applying permutations. We note that here we will work with distinguishable
particles for simplicity indexed by some quantum number. We choose to represent this by colour. One can always (anti)
symmetrise the wave function when working with (fermions) bosons and we will discuss this briefly at the end of the
section.
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The former representing the action of a reflecting potential and the latter a transmitting event. If
we define Φ(τ ) := {A(σ|τ), σ ∈ SN }, a collection of all of the amplitudes in each different sector
corresponding to one permutation of the momenta we can now start to describe the processes in a
more concise algebraic fashion. This vectorisation allows us to rewrite (3.34) in the form,

Φ(αiτ) = Yi(pτ(i), pτ(i+1))Φ(τ), (3.35)

where Yi are Yang’s scattering operators [2], [25],

Yi(p1, p2) = A(p1, p2)1 + B(p1, p2)π(αi). (3.36)

Then the we can build another set of consistency equations by identifying that squaring any trans-
position should yield the identity, coupled with the interpretation of Yang’s operators as relating to
evolutionary operators and thus must be unitary. This construction yields,

Φ(αiαi+1αi) = Φ(αi+1αiαi+1), (3.37)

which should be setting off alarm bells in its similarity to (3.4). This is our first clue to the connection
between factorised scattering and the Yang-Baxter equation. Indeed, we can define the scattering op-
erator by considering the operator swapping any two indices and using it to promote Yang’s operators,

Sij(p1, p2) := π(αij)Yij = B(p1, p2)1 + A(p1, p2)π(αij). (3.38)

This definition is quite profound yet also incredibly intuitive. Ultimately, it boils down to some chance
of reflection related to A, in which nothing changes, and some chance of transmission related to B in
which the two particles are swapped. A simple utilisation of the above consistency equations yield,

S12(p1, p2)S13(p1, p3)S23(p2, p3) = S23(p2, p3)S13(p1, p3)S12(p1, p2), (3.39)

which is precisely (3.7) with the R-matrix and S-matrix identified.

Finally, we briefly consider the case of the particles having some internal degrees of freedom, perhaps
spin. This allows the wave function decomposition,

Ψ ∼ ψ(qi)  
spatial

spin  
χ(sj) . (3.40)

We further assume that the particles are identical such that the Hamiltonian commutes with all
transpositions but the transpositions do not mutually commute, as should be expected. This means
there exists a sufficient degeneracy where each solution with a certain energy can be transformed
into others by actions of the symmetry group. Therefore, we can label energy states by a symmetry
group representation, λ. More precisely, the spatial and spin components are labelled individually by
representations λ and λ̄. Then to ensure the requisite overall symmetry properties of the solution,
we see that for bosons λ = λ̄ whereas for spin 1/2 fermions, the spin representation is conjugate to
the spatial representation. A full discussion of this and a great explanation of the use cases of Young
diagrams to this discussion can be found in [2].
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3.3.3. Coordinate Bethe Ansatz

We now turn our attention to the first of two use cases of the Bethe ansatz out of the many found
in modern physics. The coordinate Bethe ansatz, originally used by Bethe to describe ferromagnetic
spin chains [20], we can now motivate and discuss it in order to provide a solid foundation for the
algebraic Bethe ansatz to be discussed in Sec. 4.3. Let’s suppose we’re dealing with a system of N

particles in a box of length L. As in elementary quantum mechanics, we must choose a boundary
condition for our system. We identify both ends of the one-dimensional box with each other to gain
periodic boundary conditions - meaning that the system effectively lives on a ring. We also suppose
that the density N/L is sufficiently small so as to allow the necessary “asymptotic freedom” that our
previous discussions relied upon. Under these assumptions, we write the Bethe wave function as,

Ψ(qi) =
∑

σ,τ∈SN

A(σ|τ)e
i
ℏ
N

i=1 qσ(i)pτ(i) Θ

qσ(1) < qσ(2) < · · · < qσ(N)


, (3.41)

where the coordinates qi live on the line segment [0, L) with a periodicity of L. That is to say,

Ψ(q1, . . . , qj = 0, . . . qN ) = Ψ(q1, . . . , qj = L, . . . qN ), (3.42)

which can be expanded to the form,

LHS =
∑

σ,τ∈SN

A(σ|τ)e
i
ℏ
N

i=2 qσ(i)pτ(i) Θ

qσ(2) < · · · < qσ(N)


δ(σ(1) = j), (3.43)

RHS =
∑

σ,τ∈SN

A(σ|τ)e
i
ℏ
N

i=1 qσ(i)pτ(i)+ i
ℏLpτ(N) Θ


qσ(1) < qσ(2) < · · · < qσ(N−1)


δ(σ(N) = j). (3.44)

We have used in both cases that qj = 0 for consistency purposes but on the RHS we have accounted
for this with the pL term. Physically, we’re just talking about choosing one particle to be at position
0 - wherever that may be - and describing it in two different domains. By defining ξ as the product
of all neighbouring transpositions i.e. ξ := αN−1 · · · α1, and further redefining τ → ξτ we can express
the RHS as,

RHS =
∑

σ,τ∈SN

A(ξσ|ξτ)e
i
ℏpξτ(N)e

i
ℏ
N

i=2 qσ(i)pτ(i) Θ

qσ(2) < · · · < qσ(N)


δ(σ(1) = j). (3.45)

By noticing, then, that τ(ξ(N)) = τ(1), we can identify LHS = RHS more easily and see,

A(σ|τ) = A(ξσ|ξτ)e
i
ℏpτ(1)L. (3.46)

This result can be thought of in two ways. The first is, essentially, as a consistency conditions. Viewing
a particle at position 0 or L shouldn’t make a difference and therefore for consistency, the amplitudes
must obey this rule. This is how we have developed it thus far. Alternatively, we may think of
physically dragging the particle around the ring and inspecting what has changed to its wave function,
in principle similar to Aharanov-Bohm effect which is a duality which will be explored more later.
Then by requiring the amplitude to remain ultimately unchanged by this action we arrive at this
result. Indeed, by reintroducing the notation used in the previous section and utilising the form of
the two-body S-matrix as in (3.38) we can express this result8 as,

Sj+1 jSj+2 j · · · SN jS1 j · · · Sj−1 jΦ(e) = e
i
ℏpjL. (3.47)

8Ultimately, a lot of these manipulations come down to just rewriting the permutations in a clever fashion. Or
utilising the notation and directly using the right regular representation. Since these are in a sense trivial, we leave the
workings-out to [2],
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Now, we define the S-matrix product on the left hand side as the monodromy matrix Tj as well as
the notational point Φ(e) ≡ Φ coupled with setting ℏ = 1 for clarity we arrive at,

TjΦ = eipjLΦ. (3.48)

Which are precisely the Bethe-Yang equations [25]. Here the duality we mentioned earlier might
be slightly more apparent. The action of the mondoromy matrix, Tj , is to move the jth particle
around the ring. This movement resulting in a phase provides a potential comparison in the Berry
phase [26]. The quintessential physical example of the Berry phase is the Aharanov-Bohm effect [27].
Which effectively stated that the motion of a charged particle through a region with non-zero vector
potential would generate a phase acting on the particle’s wave function even when in the absence of
a magnetic field. This is reimagined in our formalism via the notion of twisted boundary conditions
where Ψ(q + L) = eiϕΨ(q). However, it is important to point out the conceptual difference that here
the phase comes from the existence of the particle in the position looped around whereas our phase
coming from the action of the monodromy matrix is a phase originating from the motion itself.

One of the most natural manifestations of this principle, especially given its origin, is the spin chain.
Here we let V = C2s+1 a 2s + 1 dimensional complex vector space for a spin s chain. Since an N -
particle system then lives in H = V ⊗N , the representation of transpositions in the system then just
become,

πij =
∑

α,β

j  
1 ⊗ 1 ⊗ · · · ⊗ Eαβ  

i

⊗ · · · ⊗ Eβα ⊗ · · · ⊗ 1, (3.49)

where the matrices are in the ith and jth positions. This is nothing but the split Casimir operator as
defined in (10).

Consider the following object,

Ta(p) = ±
N∏

i=1
Sia(pi, p), (3.50)

in which the sign indicates the behaviour of the S-matrix in the case of identical momenta relating to
the (anti-)symmetric nature of the particles. This a indexes a separate copy of V called the auxiliary
space. It is technically this operator which is called the monodromy matrix and Va provides the space
for particles to actually move through. Then taking the partial trace over the auxiliary space we
attain a map between configuration spaces. This map, τ(p), is the transfer matrix. Then, by utilising
the braiding property we can see that τ(pj) = Tj as in (3.48). We can then note the utility of the
mondromy matrices by the following propf.

Claim 5. The operators Ti are commutative.

Proof. Consider the left hand side of the RTT relation in (3.6) with the R-matrix identified as the
S-matrix as discussed previously. Then we can write,

Sab(p, q)Tb(q)Ta(p) = Sab(p, q)S1b(p1, q) · · · SNa(pN , p) = Sab(p, q)S1b(p1, q)S1a(p1, p) (· · · ) . (3.51)

We move S1a towards the front since it will commute with all other operators that act on different
vector spaces. Then we can use the Yang-Baxter equation (3.7) to move the Sab operator to the right.
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Repetition of this process leaves Sab entirely on the right and we retrieve the RTT relation. Then by
inverting Sab we get,

TaTb = SabTbTaS−1
ab , (3.52)

where the spectral parameters i.e. the auxiliary momenta have been omitted. Finally, by taking the
trace we see that the cyclic symmetry simplifies the equation into,

τ(p)τ(q) = τ(q)τ(p), (3.53)

which setting p = pi and q = pj we get,

TiTj = TjTi. (3.54)



4. The Hubbard Model

This text shall crescendo as we study a model of great relevance to condensed matter physics - in
particular in its higher dimensional analogues seen in areas such as superconductivity. [28] In light of
its importance, we shall discuss the Hamiltonian itself at length. We will then discuss its solution and
finally formally introduce and study the Algebraic Bethe Ansatz via the Hubbard model as an example.
Unfortunately, there is much relating to the physics of the model, in particular the thermodynamics
and study of correlation functions, which is beyond the scope of this report. For more details on this
we direct the reader to [4] as an excellent text that covers the subject in great breadth and depth.
Indeed, the model can be used to describe aspects of electronic properties of solids with narrow bands,
magnetism in metals such as iron and cobalt, the Mott insulating phase, as well as properties of high
TC cuprates.

The Hubbard model is a lattice model. That is to say, it describes a discretised real space on which
there exists a number of electrons. We consider here just a one dimensional real space which greatly
simplifies the discussion. Indeed, it is only in one dimension that the Hubbard model is integrable.
More precisely, we only know that it is integrable in one dimension due to Shastry [29] and it is
strongly implied that it should not be integrable for d ≥ 2 but this has yet to be proven [30]. Lattice
models, such as the Hubbard, are often well described by Bloch’s theorem.

Theorem 3 (Bloch). The wave function of a particle restricted to a lattice, hence that with a periodic
potential, is of the form [31],

ψ(x) = eikxu(x), (4.1)

where u(x) is a function sharing the same periodicity as the potential.

Proof. Define the translation operator Tn which translates the system by n lattice steps. Since the
potential is periodic in the lattice step then the translation operator commutes with the Hamiltonian.
Then there exists a wave function which is an eigenstate of both the Hamiltonian and translation
operator, which we denote ψ(x). Since the translation operator is unitary, it’s eigenvalues must be of
the λ = eiθ. Then by applying the translation operator we get,

Tnψ(x) = einθψ(x) = ψ(x + na), (4.2)

for a lattice spacing a. A solution to this equation is the required,

ψ(x) = eikxu(x). (4.3)

In particular, we can relabel the wave function in (4.1) and promote it to a direct functional dependence
on the quasi-momentum k and band index, φα,k. This is begins a simplistic discussion amounting to
a first quantised analysis. We shall only consider the second quantisation formalism.
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4.1. The Hamiltonian
The central defining feature of any model is ultimately the source of its dynamics. Oft in field theories,
in particular relativistic field theories, we deal with a Lagrangian but as the reader may have deduced
from the Hamiltonian-centric description of integrability and this being a specifically non-relativistic
problem we define here the Hamiltonian of the system.

H = −t
N∑

j=1

∑

σ=↑,↓
c†

j,σcj+1,σ + c†
j+1,σcj,σ + u

N∑

j=1
nj↑nj↓, (4.4)

where c†
l,σ is the creation operator of an electron at lattice site l with spin σ. Likewise cl,σ is the

corresponding annihilation operator. These being fermionic means they obey the anti-commutation
relation,

{ci,σ, cj,σ′} = δi,jδσ,σ′ . (4.5)

In future, we will utilise the notation,

∑

j,σ

:=
N∑

j=1

∑

σ=↑,↓
, (4.6)

and often neglect the explicit bounds of the sum for clarity. The reader should assume that we are
summing over the full chain. A lot can be learned about the relevant physics merely from a thorough
analysis of the Hamiltonian terms. The first term is called the hopping term with t > 0 the hopping
parameter. 1 It is akin to a kinetic term in the Hamiltonian. Not in that it contains a time derivative
but insofar as it describes motion. The hopping term consists of two building blocks, a creation term
and an annihilation term with the same spin but offset by one lattice space. The first of the terms
describes the motion of a spin σ particle from site j + 1 → j whereas the second describes the reverse
action. The second term, with coefficient u, is a bit more curious. The dynamics themselves depend
immensely on the sign of u. If u is negative, this describes an attractive potential - seen by the system’s
desire to minimise the Hamiltonian. Due to Pauli’s exclusion principle, the nj,σ terms can only be one
or zero. If u is negative then the manner of minimising the Hamiltonian necessarily includes grouping
two electrons at lattice sites so as to ensure that the attractive term contributes. This notion of an
attractive interaction is not necessarily unheard of, as it is a feature of BCS superconductivity, but the
nature of which it appears is due to renormalisation of the repulsive interaction. So the bare attractive
interaction isn’t too physically relevant. What is far more relevant is the repulsive regime where u > 0.
In this case, the electrons ought to spread out such that the number density term never contributes.
This doesn’t mean much for lowly filled systems where the electrons are free to move around without
interacting a whole lot. Consider a very high u system and we would expect to see electrons bounce
around the chain, reflecting off of each other when scattering.

However, the most interesting physics here occurs when we reach half-filling. In this case, we have
a system with N electrons in a chain of length L = N . If u is sufficiently low, we might expect to

1We often set t = 1 and deal only in units of u.
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see charge transfer through the system i.e. a current, hence the system is still conductive. But if
u is large then if it not energetically feasible to have a configuration where electrons can double up.
Therefore, charge cannot move and the system is an insulator. This manner of becoming an insulator
is exotic compared to the usual form of the phase which occurs from a large band gap between an
valence band a conductive band. The insulating property comes not from this band theory but rather
the electron-electron repulsion. The system is hence called a Mott insulator.

We now switch our focus from an analysis of the dynamics, to an attempt to utilise the Hamiltonian
to gain insight about the solutions a priori. The first things we may notice is that the system clearly
has a Hilbert space of dimensions 4L and some easily found conserved quantities - namely the number
of up and down spins, n↑ and n↓ respectively, and the total spin in the z direction, Sz. We can also
define the unitary shift operator2 which moves the position 1 to n as,

Un := Pn−1,n · · · P2,3P1,2, U †
n := P1,2P2,3 · · · Pn−1,n =⇒ U †

nUn = 1. (4.7)

Having defined this shift operator, it is natural to attempt to define a momentum operator Π such
that,

U = eiΠ, Π = Π†, [H, Π] = 0. (4.8)

Naïvely, one might choose the momentum by first Fourier transforming to momentum space, then
attaching the number density at momentum k with the momentum k and sum over all "momenta".
Thus resulting in,

Π̃ = ϕ
∑

k

k c†
kck. (4.9)

However, one need only consider the translation ϕ → ϕ + 2π to see the issue. In particular, the shift
operator then should be transform in an expected but the momentum is not - a poor sign. This
natural, physical construction for the momentum seems to echo that of a mechanical momenta as in
classical mechanics. Indeed, it can be shown that Π̃ is also not a conserved quantity, giving further
fuel for our analogy. However, we are looking from the canonical momentum. The actual derivation
of the momentum operator [4] is not illuminating but results in,

Π = ϕ
L−1∑

m=1

1
2 + Um

e−imϕ − 1 . (4.10)

This result is found to act on a basis state as,

Π |k, a〉 =

ϕ

k1 + k2 + · · · + kn


mod 2π


|k, a〉 . (4.11)

Furthermore, we can utilise some more interesting discrete symmetries. First and foremost, the spin
reversal operator,

J (s) :=
L∏

j=1
Pj↑,j↓. (4.12)

2Technically, we define it here for a spinless fermion. The spin generalisation is trivial and requires just attaching a
spin index.
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Which will feature later. The particle-hole transformation under the assumption that there are an
even number of lattice sites3,

Jsh
a = (c†

L,a − cL,a)(c†
L−1,a + cL−1,a) · · · (c†

2,a − c2,a)(c†
1,a + c1,a). (4.13)

It’s clear to see that the particle-hole transformation commutes with the creation and annihilation op-
erators of the opposite spin species. Furthermore, we can ask how the annihilation operator transforms
under the adjoint action,

Jsh
↓ ca,↓(Jsh

↓ )† = (c†
L,↓ − cL,↓) · · · (c†

a,↓ − ca,↓)ca,↓ · · · (c†
1,↓ + c1,↓)(c†

1,↓ + c1,↓)(−c†
2,↓ + c2,↓) · · · , (4.14)

which simplifies down to merely just (−1)ac†
a,↓ca,↓c†

a,↓ = (−1)ac†
a,↓. Thus, the hopping term in the

Hamiltonian is invariant and the action on the number density operators is effectively just to flip the
order of creation and annihilation operators. Reversing this back amounts to sending u → −u. This
action, also known as the Shiba transformation is equivalent to the transformation from the repulsive
to the attractive regime and vice versa.

The next point of discussion will develop into a very curious example of a hidden symmetry. As is
plain from the U(1) symmetry characteristic of quantum mechanical systems, the total number of
particles is conserved. The lack of an explicit mention of spin in the Hamiltonian means that the total
spin vector is also conserved. So we have currently four independent conserved quantities. There is,
lurking in the shadows, another symmetry of the system akin to spin. To see this, we discuss briefly
the solution of the system via the Bethe Ansatz.

4.2. Coordinate Bethe Ansatz Solution of the Hubbard
Model

The simplest solutions of the Hubbard model requires the use of the coordinate representation of the
Hamiltonian and hence is based on the Coordinate Bethe Ansatz. We can easily convert the hopping
term into shift operators, ∆±

j which act on the wave function as,

∆±
j ψ(x ± ej ; a), (4.15)

where j = 1, 2, . . . , N . Then the Hamiltonian can be rewritten, together with a reparametrisation
u → 4u just to match the literature,

H̃ = −
N∑

j=1


∆+

j + ∆−
j


+ 4u

∑

i<j

δxi,xj . (4.16)

We obviously require the wave function to be a solution to the difference energy eigen-equation but
we also require the solution to obey periodic boundary conditions with respect to the shift operators.

3Although as with all issues of the number of sites and boundary conditions this will disappear in the thermodynamic
limit.
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4.2.1. Two Particle System

We first attempt to find a solution to the simple case where there are two particles. As per usual, we
break the wave function into its centre of mass and relative motion components, ψ(x1, x2; a1, a2) =
f(m)g(n) with m = x1 + x2 and n = x1 − x2. The solutions to the system in this case take the form,4

f(m + 1) + f(m − 1) = Cf(m),

C

g(n + 1) + g(n − 1)


=


4uδn,0 − E


g(n).

(4.17)

From the translational symmetry we should require the solution to be an eigenfunction of the shift
operator, U :=


i ∆+

i . This results in another constraining,

f(m + 2) = ωf(m), (4.18)

with ω being the eigenvalue of the shift operator. Defining w such that w +1/w = C we get a solution
to f of the form,

f(m) = A+wm + A−w−m. (4.19)

The latter condition ensures that w2 = ω. We assume that only the positive power term contributes
as so f(m) = wm since the overall factor can be absorbed.

The function which describes the relative motion is a bit more complicated to discuss. As one would
notice, there is a particularly interesting point for which C = 0 and then w is defined with solution
±i and corresponds to the degenerate case. Therefore, for the time being, we deal purely with the
non-degenerate case C = 0. The other complicating matter is that of spin. Compiling all of the spin
degrees of freedom into g(n) means that we should expect the solution to have spinor indices too.
Indeed, we find that in general,

g(n) =





A−+zn − A−−z−n, n > 0

A++zn − A+−z−n, n < 0,
(4.20)

under the condition that the sum of alternating spinor indices is equal to the sum of the amplitudes
with the same indices. This being the validity of the function at n = 0. The Hamiltonian condition
then yields two solutions for z in terms of w,

wx = eik1 and w

z
= eik2 , for some k1, k2 ∈ C. (4.21)

It is now useful to define a few quantities. Firstly, sj := sin(kj) together with the permutation matrix
Π which interchanges spinor indices. Lastly, we define the Yang operator,

Y (λ) := 2iu + λΠ
2iu + λ

. (4.22)

The same Hamiltonian condition as earlier, coupled with the definitions of kk, provides us with an
incredibly insightful way of rewriting the form of the wave function,

ψ(x1, x2) =





A−+ei(k1x1+k2x2) − Y (s1 − s2)A−+ei(k1x2+k2x1), x1 ≤ x2

Y (s1 − s2)ΠA−+ei(k1x1+k2x2) − ΠA−+ei(k1x2+k2x1), x2 > x1.
(4.23)

4We collect all spin degrees of freedom to the function g(n).
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We now further break up the wave function into the spin singlet and spin triplet states, recalling,
of course that the electron pair will decompose as 1

2 ⊗ 1
2  0 ⊕ 1 with (anti-)symmetric behaviour

respectively. The overall symmetry properties of the wave function, we condense the solution to the
following forms,

ψ(x1, x2; a1, a2) = ϕa·




ei(k1x1+k2x2) − Y (s1 − s2)ei(k1x2+k2x1), x1 ≤ x2

Y (s1 − s2)ei(k1x1+k2x2) + ei(k1x2+k2x1), x2 > x1
for the singlet and

ψ(x1, x2;a1, a2) = ϕs


ei(k1x1+k2x2) + ei(k1x2+k2x1


for the spin triplet.

(4.24)

As mentioned previously, we now turn our attention to the degenerate C = 0 case. This yields the
relative motion Hamiltonian eigen equation,


4uδx1,x2 − E


g(n) = 0. (4.25)

There are two energy values for which g(n) has an interesting solution, E = 0 and E = 4u. The former
case isn’t quite as exotic. Indeed, it ultimately results in the same procedure - except for the relaxation
of a previously unmentioned constraint. Where previously, we needed to ensure k1 + k2 = π mod 2π

now we do not. When E = 4u for this to be true we need g(n) = Aδn,0 where A is anti-symmetric
under permutation. Without loss of generality we say that g(n) = ϕaδx1,x2 . Doing so we arrive at a
bound state localised in the centre of mass frame,

ψ(x1, x2; a1, a2) = ϕa(−1)x1δx1,x2 . (4.26)

If we put the two particle system on an infinite interval we can see that the spin triplet states are
always bounded for purely real quasi-momentum, k. The discussion becomes a bit more nuanced for
the case of kj with non-zero imaginary part. Indeed, for the spin singlet case we have a bounded
solution if and only if s1 − s2 = 2iu. Here the wave function nicely factorises into,

ψ = ϕa · e
i
2 (k1+k2)(x1+x2)e− i

2 (k1−k2)|x1−x2|. (4.27)

This is clearly bounded only if the imaginary part of k1 + k2 is null whilst the imaginary part of the
difference is non-positive. It turns out that we can we can write the relative quasi-momentum in terms
of the total quasi-momentum. The manner of which we can attain this relation implies that the bound
state is possible even for a repulsive potential à la Cooper pairs. This property, interestingly enough,
is due to the lattice effects and is lost in the continuum limit.

Another question the reader may have it due to the topology the system exists on. Putting the system
on a ring proves to be useful in one respect and simply curious in the other. The former concerns the
statement allowing us to impose a sufficient condition on how the Yang operator, or more explicitly
the S-matrix X(s1 − s2) := Y (s1 − s2)Π, acts on the spinor components A−+. The identification
A−+ = ϕa satisfies this condition if the quasi-momenta satisfy,

eik1L = s1 − s2 + 2iu

s1 − s2 − 2iu
, eik2L = s2 − s1 + 2iu

s2 − s1 − 2iu
. (4.28)

The latter is effectively the realisation of the degeneracy between the spin symmetric and anti-
symmetric states. This degeneracy is lifted and the underlying symmetry, a Yangian symmetry [4] is
broken, under periodic boundary conditions.
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4.2.2. Many Particle System

We now turn our attention to the many particle case. In general, the Bethe Ansatz states depend on
two quantum numbers: a charge momentum kj as in the previous subsection and a spin rapidity λi,
where j = 1, 2, . . . , N and i = 1, 2, . . . , M . Here N is the total number of particles and M is the total
number of down spin electrons. Both of which are conserved quantities. These quantum numbers
satisfy a set of coupled algebraic equations due to the periodicity of the system called the Lieb-Wu
equations,

eikjL =
M∏

l=1

λl − sj − iu

λl − sj + iu
, i = 1, . . . , N,

N∏

j=1

λl − sj − iu

λl − sj + iu
=

M∏

m=1,
m =l

λl − λm − 2iu

λl − λm + 2iu
, l = 1, . . . , M.

(4.29)

In the scope of this work we only consider finite quantum numbers with the condition 2M ≤ N ≤ L.
That is to say, there can be at most one electron per lattice site of which at most N/2 can be spin
down. The former allows us to discuss the conducting phase up to the Mott insulating phase as
mentioned previously. The rationale behind the latter will become apparent over the remainder of the
discussion of the coordinate Bethe Ansatz. However, it amounts to ensuring that we do not overcount.
These solutions are called regular and vitally can be further constructed into a complete set. This
completeness is key to the utility of the Bethe Ansatz itself. A more full discussion of this can be
found in Chapter 4 of [4] but is out of the scope of this document.

The solutions look something along the lines of,

∣∣ψk,λ


= 1

N !

L∑

xi=1

∑

aj=↑,↓
ψ(x; a | k, λ) |x, a〉 , (4.30)

where the sum is taken over all i and j. The exact form of the wave functions are not relevant to
our discussion but again can be found in Appendix 3.B in [4]. There is associated to each solution,
a sector σ ∈ SN such that 1 ≤ · · · ≤ xσ(i) ≤ xσ(i+1) ≤ · · · ≤ L, of which there are N !. This should
remind the reader of the coordinate Bethe Ansatz wave functions as in (3.41). Through this method
we find the eigenvalues of the energy and momenta corresponding to these states,

E = −2
N∑

j=1
cos(kj) + u(L − 2N), P =

N∑

j=1
kj mod 2π. (4.31)

We now move on to discussing the symmetry properties of the states. The first of which are those
relating to permutation i.e. the symmetric group. These, put simply, are represented by the action
on the wave function [4],

ψ(xσ; aσ | k, λ) = sgn(σ)ψ(x; a | k, λ) σ ∈ SN ,

ψ(x; a | kσ, λ) = sgn(σ)ψ(x; a | k, λ) σ ∈ SN ,

ψ(x; a | k, λσ) = ψ(x; a | k, λ) σ ∈ SN .

(4.32)

Doing so, we see easily that the electrons themselves, defined by x and a i.e. their position and spin
states, are fermionic - as expected. Furthermore, we may see that the quasi-particles that carry the
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charge momenta are fermionic and that the quasi-particles to which the spin rapidities define are
bosonic. The notion of some quasi-particles operating in the system being bosonic whilst other acting
as fermions is an observation which may seem very attractive right now. However, the story is a bit
more nuanced than that since it is ultimately a description of how the quantum numbers enter the
wave function. It is, however, a good indicator of some interesting mixing of fermionic and bosonic
properties relevant to the model. This notion is central to our discussion of the algebraic Bethe Ansatz
via the a grading on the relevant algebra.

Finally, we have arrived at the aforementioned hidden symmetry. Or at least a taste-test of it, though
its utility is not manifestly apparent just yet. Indeed, to see it arise we first must set L to an even
number - ultimately this doesn’t matter in the thermodynamic limit where boundary conditions and
the precise parity of the chain are irrelevant. It turns out that [4] the action of the spin weight
increasing operator, S+, annihilates the Bethe states i.e. S+ |ψ〉 = 0 and thus these are the highest
weight states in a particular representation. The details of which can be found by acting Sz on the
state,

Sz |ψ〉 = 1
2(N − 2M) |ψ〉 . (4.33)

We can further utilise this by applying a Shiba transformation to the relevant operators therefore
defining a new algebra,

AdJsh
↓

S± =: −η±, AdJsh
↓

S± =: ηz. (4.34)

It’s clear to see that the η algebra follows precisely the same commutation relations as the spin
operators and hence are a representation of su(2) and are conserved. Identically, the Bethe states
are also the lowest weight states of the η algebra with weight 1

2(N − L). Thus, we can construct a
degenerate multiplet of eiegenstates with dimension (N − 2M + 1)(L − N + 1).

The Bethe states being the lowest weight states in the η algebra but the highest in the spin algebra
is a bit annoying. Often then we actually define the ζ algebra to be identical5 except for ζz = −Sz.
Now the Bethe states are the lowest weight states in both cases. We can therefore "fill out" the rest
of the representation by just acting with the raising operator on these states,

∣∣ψk,λ;α,β


:= (ζ†)α(η+)β

∣∣ψk,λ


. (4.35)

We might think that all is well and we have found that the total symmetry group of the system is
found by exponentiating su(2) ⊕ su(2). There is, however, a subtlety here concerning the available
eigenvalues of the operator ηz + ζz,

(ηz + ζz) |ψ〉 = 1
2(2M − L) |ψ〉 . (4.36)

For L even this is clearly an integer. Hence, we must require that either the ζz and ηz eigenvalues
are both integers or both half-integers since any mixing will contradict this finding. Therefore, there
exists a further Z2 factorisation on the group level. That is to say, the symmetry group of the system
is actually,

SU(2) × SU(2)
Z2

 SO(4). (4.37)

5In the literature the notation is actually more similar to the Heisenberg algebra insofar as S+ → ζ† and S− → ζ.
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This is our hidden symmetry. 6 These further explored states are complete. That is to say, the Bethe
Ansatz coupled with this SO(4) symmetry yield all eigenstates of the Hubbard Hamiltonian.

4.3. Algebraic Bethe Ansatz
We now conclude our discussion of the Hubbard model with a dual explanation via example of the Al-
gebraic Bethe Ansatz. Before diving into the Hubbard model we first must define what a fundamental
model is. As per usual and explained in more detail in Chapter 3 we can define the transfer matrix in
the usual way with L(µ, vi) which satisfies (3.6) i.e.

T (µ) = LL(µ, vL) · · · L1(µ, v1). (4.38)

This defines the fundamental model associated with a given R-matrix and is a representation of the
Yang-Baxter algebra.

Definition 15 (Regular R-Matrix). An R-matrix is called regular if there exists spectral parameters,
λ0 and µ0, such that the components of the R-matrix has value,

R(λ0, µ0)αβ
γδ = δα

δ δβ
γ . (4.39)

Following this, the L-matrix has value Lα
j β(λ0, β0). Again, recalling our previous definitions we may

take the trace over the monodromy matrix to acquire the transfer matrix. This yields,

t(λ0) = P12P23 · · · PL−1 L = U, (4.40)

the rightward shift operator.

We recall from the definition of the transfer matrix that its utility is derived through the generation
of an infinite set of conserved charges. This is done via Laurent expansion of the spectral parameters
in which the set of coefficient operators form the generators of corresponding conserved quantities.
However, this property is generalisable. In particular, any differentiable function of t is too able to
generate these conserved quantities. The most apparent example of this we denote the generating
function,

τ(λ) := ln

U−1t(λ)


= (λ − λ0)U−1t′(λ0) + O(λ2). (4.41)

This linear term we define to be the Hamiltonian7 H =
L

j=1 Hj−1,j . This sum over Hamiltonian
densities can be found in terms of the twisted R-matrix,

Hj−1,j = ∂λŘj−1,j

∣∣∣∣
λ=λ0

. (4.42)

Turning our attention to the monodromy matrix itself, we may ask how it acts on varying states.
Indeed, this question begs another - what are the states we are acting on? We do this constructively as

6Discussion of a hidden symmetry and SO(4) might ring some bells for the reader. Indeed, it is precisely the same
group that pertains to the hidden symmetry in the Hydrogen Atom [32] and equivalently Kepler’s Problem. Although
to the best of our ability we could not find a direct connection between these scenarios. It seems like a mere coincidence.

7We recall our implementation of periodic boundary conditions.
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in second quantised quantum mechanics by creating a vacuum state to which we can create particles.8

We consider the elements of the monodromy matrix to act like particle creation and annihilation
operators on this pseudo-vacuum, |Ω〉. In fact, from all known example the elements of the monodromy
matrix can be arranged such that it acts as an upper triangular matrix on |Ω〉. The canonical example
of this construction seems to be the XXX-Model [2], [4]. Here the monodromy matrix looks like,

T (λ) =
(

A(λ) B(λ)
C(λ) D(λ)

)
, (4.43)

which acts on the pseudo-vacuum as,

A(λ) |Ω〉 = a(λ) |Ω〉 , D(λ) |Ω〉 = d(λ) |Ω〉 , C(λ) |Ω〉 = 0. (4.44)

The functions a(λ) and d(λ) define parameters of a generalised model. The use of this to characterise
the representation is in analogy to the manner of which the highest weight vector defines a representa-
tion of a Lie Algebra. Furthermore, we use the top left element B(λ) as a creation operator to build
the state,

|µ1 · · · µM 〉 := B(µ1) · · · B(µM ) |Ω〉 . (4.45)

The goal, of course, is to find states which hold all conserved quantities simultaneously. The ob-
ject which holds this information is the transfer matrix and thus we must diagonalise and hence we
encounter the eigenvalue problem,

A(λ) + D(λ) =: t(λ) |ψ〉 = Λ(λ) |ψ〉 . (4.46)

We can use (3.6) to construct 16 quadratic relations including the notable commutation of the creation
operators. Here we interpret the R-matrix as a scattering matrix and decompose R(λ, µ) = b(λ −
µ)id + c(λ − µ)P , i.e. the functions b and c act like transmission and reflection coefficients. Doing so
we can find the eigenvalue,

Λ(λ) = a(λ)
M∏

k=1

1
c(µk − λ) + d(λ)

M∏

k=1

1
c(λ − µk) . (4.47)

To obtain this result we require,

d(µk)
a(µk) =

M∏

i=1
i=k

c(µk − µi)
c(µi − µk) , (4.48)

which are nothing other than the Bethe equations. This property ensures [4] that the states generated
by the B(µ) operators are indeed eigenstates and hence relevant to our physical discussion. We can
then just use the prior definition (4.42) and hence the Hamiltonian to find the energy eigenvalues of
the system.

8This assumption does not always hold. In systems like the Toda chain we must instead use techniques including the
method of seperation of variables to solve it instead.
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4.3.1. Shastry’s R-Matrix

The construction of an R-matrix for the Hubbard model was long known as a tremendously difficult
problem. One pertinent reason for this is due to an argument from Reshetikhin that the Hubbard
model’s R-matrix could not be formulated in a difference form. This property being peculiar in
relation to other systems. Another issue is that there are not just spin degrees of freedom, as in the
spin chain, but also fermionic degrees of freedom. This is circumvented by way of a Jordan-Wigner
transformation which we will detail later. This allows us to map a fermionic system onto a spin
system while preserving the proper anti-commutation relations. An R-matrix for this transformed
model was obtained by Shastry [29], [33] in 1986. We introduce this by somewhat following the
discussion [34] and the general formalism of graded spaces outlined in [35].

We begin by introducing the su(d)-XX models as building blocks of the construction of Shastry’s
R-matrix. We consider a special case of the XYZ model with Jx = Jy = J

2 and Jz = 0 with periodic
boundary conditions. The Hamiltonian of this system can be written as,

HXX = J

2

N∑

j=1


σx

j−1σx
j + σy

j−1σy
j


= J

N∑

j=1


σ+

j−1σ−
j + σ−

j−1σ+
j


, (4.49)

which should start to look not too dissimilar to the Hubbard hamiltonian’s hopping term. Since σ±

are the generators of a fermionic anti-commutation relation algebra for a single site this makes sense.
However, they fail to generate the multi-site fermionic relations. This is fixed by means of the Jordan-
Wigner transformation which allows us to faithfully represent fermionic creation and annihilation
operators with sl(2) elements,

cj = 1⊗(j−1)
2 ⊗ σ+ ⊗ (σz)⊗(L−j)

c†
j = 1⊗(j−1)

2 ⊗ σ− ⊗ (σz)⊗(L−j)
. (4.50)

This transformation manifestly identifies the relation between a spin system and a spinless, fermionic
tight-binding model.

Since we are working with algebras anyway, let us now take the time to define a particularly relevant
algebra to the following discussion.

Definition 16 (Free Fermion Algebra). Let U be a unital, associative algebra whose elements, Ai,
satisfy the following conditions,

AiAi+1Ai =Ai+1AiAi+1 = 0
AiAj = AjAi, for |i − j| > 1

A3
i = Ai

{A2
i , Ai±1} = Ai±1.

(4.51)

Furthermore, we impose periodic boundary conditions on these generators. The algebra, U , is then
called the Free Fermion Algebra [34]. The first of these means that elements of the algebra satisfy the
braid relation.

We can use this free fermion algebra to define the representation,

Ai = Qi,i+1 = Qαγ
βδ eβ

i αeδ
i+1 γ , (4.52)
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through which we may define, using the notation of [4], P (1) = Q2 and P (2) = id − P (1). Finally, we
may construct the twisted R-matrix,

Ř(λ) = P (1) + P (2) cos(λ) + Q sin(λ). (4.53)

It should be noted that this R-matrix is technically not unitary although division by cos(λ) suffices to
reinstitute unitarity. Furthermore, the Hamiltonian density in this case is just Hj−1 = Qj−1,j = Aj−1.
The explicit form of Ř is vital to constructing Shastry’s R-matrix later on. However, for the sake of
space we have chosen to omit all of the forms of these objects for brevity. We will outline the steps
but for a more comprehensive discussion and the elements of all objects we direct the reader to [4].

Definition 17 (Conjugation Matrix). The conjugation matrix C ∈ End(Cd) is defined by the following
properties,

C2 = 1d (4.54)
{Ci, Q12} = 0, i = 1, 2 (4.55)

C1Q12 = Q12C2 (4.56)

Q2
12 = 1

2 (1d2 − C1C2) . (4.57)

Here Q ∈ End(C ⊗ C) is a representation of the free fermion algebra defined above.

The action of this conjugation matrix on Ř as in (4.53) is to send λ → −λ. Doing so we can obtained
the decorated Yang-Baxter equation,

R12(λ + µ)C1R13(λ)R23(µ) = R23(µ)R13(λ)C1R12(λ + µ). (4.58)

With these preliminary aspects covered we move on to outlining Shastry’s construction itself. Put
simply, his procedure is as follows. First, we construct a higher conserved charge of the Hubbard
model, I. That is to say, an operator which is independent from but commutes with the Hamiltonian.
Secondly, by means of the Jordan-Wigner transformation (4.50) we obtain spin chain operators, Hs

and Is. We then guess the L-matrix such that the series of conserved quantities generated by the
generating function has as its linear term, the Hamiltonian, and as its quadratic, Is. Finally, we then
construct an R-matrix such that his this L-matrix is a solution of T in (3.6).

Truth be told, the entire procedure is a bit laborious and so we only focus on this last step. We go
about solving for this R-matrix by composing two XX model R-matrices. So consider this system of
non-interacting XX models. We define a set of almost-R-matrices and transposition operators,

ř↑(λ) := Řαγ
βδ (λ)eβ

α ⊗ 1d ⊗ eγ
δ ⊗ 1d

ř↓(λ) := Řαγ
βδ (λ) 1d ⊗ eβ

α ⊗ 1d ⊗ eγ
δ

,
P↑ := eβ

α ⊗ 1d ⊗ eα
β ⊗ 1d

P↓ := 1d ⊗ eβ
α ⊗ 1d ⊗ eα

β

. (4.59)

Thus, by untwisting by way of transposition, these new operators satisfy (3.3). Commutation guaran-
tees that their product similarly satisfies the Yang-Baxter equation. Due to the regularity condition
i.e. the R-matrix with λ = 0 is the identity, we know that the derivative of this ř(λ) at λ = 0 sepa-
rates into the sum of the spin up and down derivatives. This separation tells us that the Hamiltonian
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density as in (4.42) separates in turn. The Hamiltonian, can then be thought of as a direct sum of
two commuting XX Hamiltonians of varying spins as,

H =
L∑

j=1


Q↑

j−1,j + Q↓
j−1,j


, Qσ := ř′

σ(0). (4.60)

We then define the L-matrix, defined element-wise as,

lαj β(λ) := rαγ
βδ (λ)eδ

j γ . (4.61)

This l satisfying the monodromy matrix’s role in (3.6). One can further define the matrix G(h) ∈
End(Cd ⊗ Cd) using the joint conjugation matrix C := C↑C↓,

G(h) = exp


h

2 C


= cosh


h

2


+ C sinh


h

2


. (4.62)

Thus, we can use (4.61) to define another matrix,

Lj(λ) := G(h) lj G(h). (4.63)

The matrix ř is a solution to the decorated Yang-Baxter equation. One can see from the differences
in the R12 term in the decorated versus undecorated equations that it should also obey,

ř(λ + µ)

C ⊗ 1d2


lj(λ) ⊗ lj(µ)


=


lj(µ) ⊗ lj(λ)


1d2 ⊗ C


ř(λ + µ) (4.64)

Using this and the fact that l generates a representation of the Yang-Baxter algebra we may, with
some extensive calculation, yields an interesting fact. That is to say there are two relations yielded
as corollaries of this discussion. Taking a linear combination of the two we may find that the ratio
of their coefficients which combines the spectral parameter and the parameters in G in a sine and
hyperbolic sine respectively. This can be interpreted as a free parameter α

β = u which turns out to
be the coupling in the Hubbard model [4]. There is an additional free parameter here but this is
merely due to the overall factor available to the R-matrices due to the homogeneity of their defining
relations. One of these relations shows us very naturally that the L matrices defined above constitute
a representation of the Yang-Baxter algebra with R-matrix,

Ř(λ, µ) = β

G(l) ⊗ G(h)

[
ř(λ − µ) + α

β
ř(λ + µ) (C ⊗ 1d2)

]
G(−h) ⊗ G(−l)


. (4.65)

This is Shastry’s R-matrix. Setting µ = 0 then we can obtain the Hubbard model’s Hamiltonian from
this, up to a twist of boundary conditions and Jordan-Wigner transformation.

4.3.2. The Hubbard Model as a Graded Model

In a similar vein to how we construct the concept of Grassman numbers to intuitively build in the
fermionic anti-commuting nature to a number system, we want to find an analogous object for the
local projection operators eβ

j α for fermions. This is done by introducing the notion of grading [36].
Graded vector spaces are those which are equipped with a notion of parity. More formally we may
define it as follows.
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Definition 18 (Graded Vector Spaces). A graded vector space is a finite dimensional vector space
V , interpreted as a local state space, on which we may impose parity. Imposing parity on the entire
vector space will decompose V = V0 ⊕ V1 with dimensions m and n respectively. This is done via a
parity map,

p : V →Z2

v →i, v ∈ Vi

. (4.66)

For the basis {e1, e2, . . . en+m} we define the shorthand p(α) := p(eα).

The reintroduction of operators as Fermi operators, that is to say with a notion of parity, then requires
us to construct an algebra of commuting and anti-commuting objects. Firstly, we need to extend parity
to the space of linear operators on our space End(V ). Let us choose an element eβ

α ∈ End(V ) such
that eβ

αeγ = δβ
γ eα i.e. a canonical basis element of the linear operator space. We can then naturally

extend our parity map to the space through identifying p(eβ
α) = p(α) + p(β). Indeed, this language

also naturally describes products of matrices too. Since the basis elements’ upper and lower indices
contract when being multiplied then their contribution to the parity is doubled and hence, modulo 2,
is null. Naturally, once more we may extend this to tensors of arbitrary rank. For instance, take the
space H = (End(V ))⊗L. Then, by the extended definition,

p

(
L⊗

k=1
eβk

αk

)
=

L∑

k=1


p(αk) + p(βk)


, (4.67)

we may characterise an element A ∈ H by the equation,

(−1)
L

k=1


p(αk)+p(βk)



Aα1...αL
β1...βL

= (−1)p(A)Aα1...αL
β1...βL

. (4.68)

To be clear then we define the parity of the object p(A) as the sum of the parities of its basis indices
in the obvious manner.

The next and final step in our quest to building an algebra is to define a bracket similar to the Lie
bracket. Since we should allow for the existence of bosonic, commuting, and fermionic, anti-commuting,
objects we must be able to treat them with the commutator and anti-commutator respectively.

Definition 19 (Super Bracket). Let X, Y ∈ End(V ), then we define the super bracket [·, ·]± as follows,

[X, Y ]± = XY − (−1)p(X) p(Y ) Y X. (4.69)

Definition 20 (Lie-super Algebra). The space of endomorphisms on a finite dimensional vector space
V may be endowed with grading. This grading allows for the decomposition V = V0 ⊕ V1 with m =
dim V0 and n = dim V1. Hence, End(V ) is equipped with a super bracket and is said to be the Lie
super-algebra gl(m | n).

With our algebra constructed on the single site, we now further our construction by identifying one
copy as a local space embedded in a higher dimensional state space. To do so, we reintroduce local
projection operators with grading.
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Definition 21 (Graded Local Projection Operators). Define the matrices [35],

eβ
j α := (−1)(p(α)+p(β))


k=j+1 p(γk) 1⊗(j−1)

m+n ⊗ eβ
α ⊗ e

γj+1
γj+1 ⊗ · · · ⊗ eγL

γL
. (4.70)

We should note that by convention there is summation over double the double tensor indices. The
index j is referred to as the site index. The local projection operator maintains the parity p(eβ

j α) =
p(α) + p(β).

Following (4.70) we may evaluate the same-site and split-site multiplication of two graded projection
operators. Compiling these two expressions [4] we may evaluate the super bracket of two operators,

[eβ
j α, eδ

k γ ]± = δjk


δβ

γ eδ
j α − (−1)(p(α+p(β))(p(γ)+p(β))δβ

αeβ
j γ


. (4.71)

Thus, for j = k, giving us the structure constants of the Lie super algebra. The form of (4.70) may
look familiar to the reader and shares similarity to the (4.50). This is precisely the utility of the graded
vector space description. Indeed, identifying e2

1 = σ+, e1
2 = σ−, and e1

1 − e2
2 = σz for an m = n = 1

space we find precisely,

cj = 1⊗(j−1
2 ⊗ σ+ ⊗ (σz)⊗(L−j), (4.72)

c†
j = 1⊗(j−1

2 ⊗ σ− ⊗ (σz)⊗(L−j), (4.73)

as expected.

Definition 22 (Super Tensor Product). Consider the set, A, of m + n dimensional matrices with
entries in H such that for every X ∈ A we have p(Xβ

α) = p(α) + p(β) for α, β = 1, . . . , m + n. The
earlier mentioned matrix multiplication property defines A as an associative algebra. For any A, B ∈ A
we define their super tensor product as,

(A ⊗s B)αγ
βδ := (−1)(p(α)+p(β))p(γ)Aα

βBγ
δ . (4.74)

Definition 23 (Super Trace). Let A be the same as above. Suppose we have an element A ∈ A. Then
we define the super trace of A as,

str(A) = (−1)p(α)Aα
α. (4.75)

We conclude our mathematical discussion by noting an implication of (4.74). If two elements in the
defining algebra A, B ∈ A super commute, that is [A, B]± = 0, then a product of their super tensor
product with another two elements X, Y ∈ A will factorise. Put plainly,

(X ⊗s A)(B ⊗s Y ) = XA ⊗s BY. (4.76)

4.3.3. Fundamental graded models

The definition of a fundamental graded model is a relatively simply extrapolation of the fundamental
model as defined above. They are simply graded representation, that is to say for a given grading we
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associate a fundamental model with each solution of the Yang-Baxter equations. Except we need to
add in a consistency condition alongside this [37],

Rαβ
γδ (λ, µ) = (−1)p(α)+p(β)+p(γ)+p(δ)Rαβ

γδ (λ, µ). (4.77)

The eager reader may spot that when the aggregate parity of the R-matrix is odd. That is to say if
p(α) + p(β) + p(γ) + p(δ) = 1 mod 2 then that element of the R-matrix vanishes. Furthermore, we
define the graded L-matrix with site index j as,

Lα
j β(λ, µ) := (−1)p(α)p(γ)Rαβ

γδ (λ, µ)eδ
j γ). (4.78)

This definition imbues the L-matrix with various properties. Notably, its behaviour under the parity
map is as expected, it super commutes with its pair on any other site, and finally it satisfies an
analogous (3.6)-esque relation

Ř(λ, µ) (Lj(λ, ν) ⊗ Lj(µ, ν)) = (Lj ⊗ Lj) Ř(λ, µ). (4.79)

Although we should note here that the R-matrix in this does not undergo the grading procedure.
Physically we can understand this by the R-matrix’s role as a scattering matrix swapping auxiliary, i.e.
non-physical, spaces. Hence, as in the non-graded case Řαβ

γδ := Rβα
γδ . We call this Lj the fundamental

graded representation of the graded Yang-Baxter algebra with R-matrix Ř. To swap physical spaces
we need a fermionic R-operator instead of the usual R-matrix.

Definition 24 (Fermionic R operator). We define the operator,

Rf
jk(λ, µ) := (−1)p(γ)+p(α)(p(β)+p(γ))Rαβ

γδ (λ, µ)eγ
j αeδ

k β , (4.80)

as the fermionic R operator. By definition it has parity null We have constructed it such that it
satisfies,

Rf
jk(vj , vk)Lk(λ, vk)Lj(λ, vj) = Lj(λ, vj)Lk(λ, vk)Rf

jk(vj , vk). (4.81)

Furthermore, it satisfies the original, non-braiding, Yang-Baxter equation. Finally, if an R-matrix is
regular then its fermionic cousin is a graded permutation operator and if an R-matrix is unitary then
its fermionic version is yet again unitary.

We define the monodromy matrix in the same fashion,

T (λ) := LL(λ, vL) · · · L1(λ, v1). (4.82)

T is too a representation of the graded Yang-Baxter. This can be easily seen by repeated application
of the fundamental representation relations, together with the super commutation of Lj and Lk for
j = k and factorisation of the super tensor product. Expectedly, we may define the transfer matrix
in precisely the same way t(λ) := str(T (λ)) with precisely the same commutation property. Likewise,
the Hamiltonian density is defined analogously to the non-graded case.

We can now define a general fermionic operator Xj in a physical sense. Given a set of spinless fermions
on a ring of L lattice sites following the usual anti-commutation relations then we express the general
operator as,

Xj :=
(

1 − nj cj

c†
j nj

)
. (4.83)
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Interestingly, the usual relation for the local projection operators at the same site still holds here. That
is, Xβ

j αXδ
j γ = δβ

γ Xδ
j α. Therefore, we can replace the local projection operators with these objects.

While we’re at it, we might as well add anther layer of variation by assigning spin species too. In
full, we then have Xj = X↑

j ⊗s X↓
j . We can then also rewrite the fermionic creation and annihilation

operators per spin in terms of these general operators too. Identification of these operators as the
original local projection operators provides us again with the Jordan-Wigner transformation.

We now endeavour to show that the Hubbard model is, in fact, a fundamental graded model. Thus
justifying the previous exposition and allowing us to utilise this built framework. Let us choose the
grading p(1) = p(4) = 0 and p(2) = p(3) = 1. We take a slightly transformed version of (4.53) as
our R-matrix which allows it to be compatible with this grading choice. Doing so, coupled with the
replacement of non-graded with Fermi operators, allows us to find the Hamiltonian density,

Hj−1,j = −c†
j−1,acj,a − c†

j,acj−1,a + u

2

(1 − 2nj−1,↑)(1 − 2nj−1,↓) + (1 − 2nj,↑)(1 − 2nj,↓)


, (4.84)

in the usual operator expansion fashion. One can show with some algebra that is equivalent to (4.42).

Now that we have shown that this description may match the Hubbard model. With the Hamiltonian
in hand, we next consider its symmetries. A crucial point here is the difference between the fermionic
and non-fermionic R-matrices in the context of symmetries. Since it is the former that determines the
scattering process between two physical particles it is that object which describes symmetries and has
matrix elements,

R̃αγ
βδ (λ, µ) = (−1)p(α)p(γ)Rαγ

βδ (λ, µ). (4.85)

Although it is not immediately clear from the algebraic form, indeed the explicit form is needed for
the discussion [4], we may construct two su(2) symmetries from this R-matrix. To begin we define the
notation,

Σ±
s := σ± ⊗ σ∓, Σz

s := 1
2

σz ⊗ 12 − 1 ⊗ σz


, (4.86)

Σ±
η := σ± ⊗ σ±, Ση

s := 1
2

σz ⊗ 12 + 1 ⊗ σz


. (4.87)

These objects define the generators for two separate su(2) algebras. We see here the re-emergence of
spin, s, and η-spin, η, as we had previously. The spin symmetry is seen with relative ease. Indeed,
defining the total spin operator,

Sα := 1
2

L∑

j=1

∑

a

c†
j,a(σα)a

b cj,b, (4.88)

we may express it via the local projection operators. Doing so we see that this is related to the
generator Σα

s at the root. Then by a simple calculation stemming from the definition of the graded
monodromy matrix [4] and taking the super trace we arrive at,

str[T (λ), Sα] = 0. (4.89)

Therefore the total spin is conserved. Unfortunately, the η-spin does not prove conserved in such a nice
manner. Instead, we look to anti-commutation relation between R̃ and the object Σz

η ⊗ 14 − 14 ⊗ Σz
η.

This being zero, which must be calculated explicitly, tells us that the commutation relation between
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the same, except for the relative minus sign in the latter term being changed to addition, is null.
Eventually, by super tracing the generator out, we arrive at the conclusion that the transfer matrix
anti-commutes with η±. Setting λ = 0 one can show that the R-matrices becomes mere transposition
operators and so the super trace merely yields the shift operator. The fact that η± anti-commutes
with both the shift operator U and the transfer matrix means that it will commute with the generating
function and hence the Hamiltonian - as well as the higher conserved charges - are all invariant under
the action of the η algebra. So the η-spin is indeed conserved.

After a lengthy discussion about the constructing of the Hubbard model from this point of view, we
may finally see if we can solve the model in this framework. First and foremost, we again require
the previously mentioned upper triangular action of the monodromy matrix on the pseudo-vacuum.
Utilisation of the generator’s commutation relations with the transfer matrix allows us to see precisely
the commutation of the monodromy matrix elements. That is to say, how the action of the monodromy
matrix affects the number of electrons in the two spin species. Doing so we can assign a creation and
annihilation operator to each of the spin species. With a relatively paper-hungry calculation, we
involving the calculation of the graded L-matrix and all 16 elements involving Fermi operators, we
arrive at the blissfully simple result,

t(λ) |Ω〉 =

ωL

1 (λ) − 2ωL
2 (λ) + ωL

3 (λ)
 |Ω〉 , (4.90)

ω1(λ) = e2h, ω2(λ) = − tan(λ), tan2(λ). (4.91)

One can now build up the one, two, and N particle cases by following the calculation in [4]. More
accurately, the calculation is performed for N = 1 and 2 and then guessed for the variable case. Still,
this is an expensive task. With this in mind, we will cite the result entirely and discuss it instead. We
may find the eigenvalue of the generating function,

Λ(λ) =
[
ωL

1 (λ)
N∏

j=1

1
a(λ, λj) − ωL

2 (λ)
N∏

j=1

1
a(λ, λj)

M∏

k=1

1
a(µk, λ) − ωL

2 (λ)
M∏

k=1

1
a(λ, µk) + ωL

3 (λ)
]
(−1)N

N∏

j=1

ρ10(λ, λj)
ρ8(λ, λj) ,

(4.92)

where the spectral parameters λj and µk satisfy the Bethe equations,
(

ω1(λj)
ω2(λj)

)L

=
M∏

k=1

1
a(µk, λj) , j = 1, 2, . . . , N, (4.93)

N∏

j=1

1
a(µk, λj) =

M∏

l=1
l =k

a(µl, µk)
a(µk, µl)

, k = 1, 2, . . . , M. (4.94)

If we wisely choose our values of charge momenta kj and spin rapidity Λk we can now clearly see how
the algebraic Bethe ansatz yields our spin-charge decoupling and provides us with the (4.29). With
Λ(λ) in hand, we can find our shift and energy 9 eigenvalues trivially,

ω(0) = Λ(0) = e
i


j
kj , E = Λ′(0)

Λ(0) = −2
N∑

j=1
cos(kj) + 2u(L − N). (4.95)

With this triumph we, at last, conclude our discussion of the Hubbard model.
9Technically this eigenvalue is for the Hamiltonian we derived from our graded fundamental model discussion, rather

than our original (4.42).



5. Future Work

In this, our penultimate chapter, we layout some aspects of work to be carried out in the future.
There is much to cover from the point of view of the Hubbard model. A discussion of bound states
- in particular the string hypothesis [2], [4] - is fully missing from this work alongside the relevant
thermodynamic picture. The goal in mind for this is to understand the precise fashion in which the
excitations found in the Hubbard model kills the chances of finding superconductivity. Indeed, there
is plenty to learn. However, we will spend this time to discuss the previously alluded to conjecture.

5.1. Conjecture on the nature of the quantum Hall effect
on T2 in the Lowest Landau Level

The quantum Hall effect is one of the most beautiful arenas available to the condensed matter theorist.
It intertwines the mathematics of topology with, what is ultimately, very simple physics. The system is
simple, suppose we have a quasi two dimensional metal in which the electrons moving throughout form
a Fermi liquid which is effectively constrained to the two dimensional plane. Through this plane we
pass a uniform magnetic field. In the classical picture, assuming no electron-electron interactions for
a moment, we see the coordinate movement of electrons in individual cycles as in Fig. 5.1. The phase
space which the classical system lives on is clearly four dimensional. One can canonically transform
their coordinates into a basis where these decomposes into a relative and centre of mass motion part
respectively. This decomposition is important both here and in the quantum case.

One may gain interesting physics from the classical system alone when a voltage difference is placed
across the plane. However, it is far more fruitful to treat the system quantum mechanically. It is
a greatly unfortunate fact that we do not have the space to fully discuss its beauty here. But the
interested reader should be directed to [38].

For the moment, we must stay focused on one particular aspect. That being the duality between
the Calogero family of integrable systems and the quantum Hall effect. But to do so we must first
understand what the Lowest Landau Level is and what utility it serves. Upon the basic quantum

Figure 5.1. We see here the classical picture of the Hall effect. That is to say, a set of cyclically moving electric charges.
One pictures here, a uniform magnetic field passing through the plane. This classical picture is equivalent to that which
is seen in the coherent state basis.



5.1. Conjecture on the nature of the quantum Hall effect on T2 in the Lowest Landau Level 56

n = 0

n = 1

n = 2
Decreasing B field Increasing B field

Figure 5.2. A diagram loosely showcasing the effect of a varying magnetic field i.e. deformation parameter, on the
quantum Hall system. We see that when increasing the magnetic field, the particles are localised to the lowest band.
Increasing the magnetic field has the effect of widening the Landau level and adding in another electron state which is
not filled.

mechanical treatment of the system, one may perform a Bogoliubov transformation into new creation
and annihilation operators. This transformation plays the role of the canonical in the classical case.
These two new pairs mirror the relative and centre of mass motion. The energy spectrum of the
system is, due to the translational invariance, highly degenerate. This degeneracy leads us to denote
an infinite set of bands equidistant from one another - since the system is described in the same
manner as the harmonic oscillator - as Landau Levels. This spacing is determined, up to constants,
by the strength of the magnetic field. In the case of a very high magnetic field, these spacings become
sufficiently large such that we can assume that all the electrons exist in the Lowest Landau Level.
This projection removes half of the degrees of freedom in the system thereby reducing it an effectively
one dimensional system. It was found [3] that when the quantum Hall system was placed on a disk,
this projection would result in the same spectrum and solutions as the rational CMS model. Placing
the system on a cylinder yielded the very same but for the cylindrical CMS model. Finally, Fourier
transforming this last system led to the hyperbolic CMS model. Here we conjecture and hence lay out
the evidence towards a fourth duality.

From [3], it seems that one must first choose a wise gauge and then project to the Lowest Landau Level
for success. In the Lowest Landau Level, the phase space is reduced from (Πx, Πy, X, Y ) → (X, Y ),
which describe the guiding centre and momentum. We must then diagonalise the operator X, i.e.
X |s〉 = s |s〉. This parameter s is now our free one dimensional parameter. Finding these states |s〉
and performing the decomposition of the Lowest Landau Level states onto the multi-particle state
s-state, 〈s1 . . . sN |Ψ〉 yields precisely the same solution as the CMS model. We now conjecture that
placing the quantum Hall effect on a toroidal geometry and performing the same procedure will result
in the elliptical CMS model.

Starting from the toroidal quantum Hall, we choose the τ gauge as in [39]. We can tile the torus with
varying parallelograms as in Fig. 5.3. Using these parameters we define,

τ := L∆
Lx
τ1

+i
Ly

Lx
τ2

. (5.1)

Then we can map to the complex plane and define one of two parametrisations,

z = x̃ + iỹ, (x̃, ỹ) ∈ [0, Lx) × [0, Ly), or z = Lx(x + τy) (x, y) ∈ [0, 1)2. (5.2)

In any case, we choose to use the vector potential,

A = ỹB

τ2
(τ2 − τ1). (5.3)
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L∆

Ly

Lx

Figure 5.3. The parallelogram patches that construct the torus the parameters of which are used in defining the τ

gauge.

Next, we define the magnetic translation operators, tx and ty. Both of which, since they are translation
operators in an ultimately translationally invariant system, must commute with the Hamiltonian.
Effectively, these are given as tx ∼ e∂x and ty ∼ e∂y respectively. We can diagonalise with respect to
tx and obtain a wave function for a set of particles with positions zk [40],

Ψx(zk) ∼
∏

i<j

ϑ1


zi − zj

Lx

∣∣∣τ
q

FS


z

Lx
, τ


, (5.4)

where z is the centre of mass position and ϑ1 is a special case of the Jacobi theta function. The
function F can be found in [39] and its precise form is not important here. What is vital, however, is,

ϑ1(z, τ) := ϑ


1/2
1/2


(z, τ). (5.5)

As approaching from the elliptical Caloger Sutherland (eCS) model we first recall that the potential
is of the form[22],

℘


qi − qj | π,

iβ

2


, (5.6)

with ℘ the Weierstrauss elliptic function. The system now lives on S1 with each particle’s coordinates
qi ∈ [−π, π]. The solutions with partitions, that is to say with excitations, are given by,

Ψn(q) = JN(z) Ψ0(q), zj := eiqj , (5.7)
Ψ0(q) :=

∏

j<k

θ(qi − qj)λ. (5.8)

Here the function θ(q) is related, up to a constant, to the function ϑ1(q/2). The functions J here are
the famous Jack polynomials. We now see a striking similarity between the two pictures. Indeed, we
point out that these solutions are incredibly similar if we associate the quantum Hall filling fraction
ν = 1/q state with the value of λ defined through the coupling γ = 2λ(λ − 1). Furthermore, directly
we see the eCS wave function is proportional up to a double product of ϑ1


qi−qj

2


almost precisely as

in the toroidal picture.

Further research, both in the physical and mathematical domains, is required before claiming anything
close to a result. But we hope that in the coming months more work can be done to prove or disprove
this conjecture.



6. Conclusion

This project has traced a path from the foundations of classical integrability through to the solution
of the one-dimensional Hubbard model, with the aim of providing both a mathematically rigorous
and physically motivated account of quantum integrability and the Bethe Ansatz. Beginning from
Hamilton’s principle and the Poisson bracket structure of classical mechanics, we developed the Lax
representation and the classical r-matrix, before situating these objects within the broader framework
of symplectic geometry and Hamiltonian reduction. This classical groundwork was not incidental - it
provided both the language and the intuition that carried through to the quantum setting.

In the quantum regime, the Yang-Baxter equation emerged as the organising principle, motivated from
multiple directions and shown to underpin both the spin chain picture and the theory of factorised
scattering. The Bethe Ansatz, in both its coordinate and algebraic formulations, was developed as
a concrete and powerful method for solving integrable models. The Hubbard model served as the
principal example throughout this discussion: its Hamiltonian was analysed in detail, its spectrum
found via the Lieb-Wu equations, its hidden SO(4) symmetry uncovered, and its algebraic solution
constructed using the formalism of graded spaces and Shastry’s R-matrix. The agreement between the
coordinate and algebraic approaches is itself a satisfying consistency check on the entire framework.

Beyond the main body of the work, a conjecture was proposed regarding the quantum Hall effect
on a toroidal geometry and its relationship to the elliptic Calogero-Sutherland model, extending a
known duality that accounts for the disk, cylinder, and Fourier-transformed cylinder geometries. This
remains, for now, a conjecture - but the evidence is suggestive and the question well-posed. It is hoped
that the work laid out here provides a solid enough foundation from which to pursue it further.



A. Formalisation of Classical
Integrability

A.1. Nöther’s Theorem
Definition 25 (Variational Symmetry). A variational symmetry, which for our purposes is also known
as a Hamiltonian symmetry, is a transformation

qi → qi + ε δqi (A.1)

where qi are the generalised coordinates of the system such that

L → L + ε
d
dt

Λ, ε  1. (A.2)

Though it should be noted that this can and should be extended to include time and reveal the Hamilto-
nian itself as an integral of motion when ∂

∂tH = 0. It can be shown [2] that the Lagrangian derivative
∂L
∂q̇i

− ∂L
∂qi

transform covariantly under these variational symmetries. Hence, solutions to the Euler-Lagrange
equations are themselves solutions to the Euler-Lagrange equations. It should be noted, however, that
the inverse is not true. That is, there exists symmetries of the equations of motion that are not
symmetries of the action. See [41] for more.

Using this we introduce Nöther’s theorem.

Theorem 4 (Nöther). Consider a 2N dimensional dynamical system which we transform as qi → qi +
ε δqi. Suppose this can be done for s uniquely defined transformations. For each transformation, if the
system’s Lagrangian varies as in L → L+ε d

dtΛ where ε  1 .Then there exists an independent quantity
that is conserved on solutions to Hamilton’s equations - or equally the Euler-Lagrange equations. These
s conserved quantities are given by

Js = pi δqi
s − Λs (A.3)

Proof. For each s transformations we have a δqi
s and a Lagrangian which varies as

δL = ∂L
∂qi

εδqi
s + ∂L

∂q̇i
εδq̇i

s = ε
d
dt

Λs,

using the product rule we see this is just
d
dt

Λs = ∂L
∂qi

δqi
s + d

dt


∂L
∂q̇i

δqi
s


− d

dt


∂L
∂q̇i


δqi

s,

=⇒ d
dt


∂L
∂q̇i

δqi
s − Λs


=

*0 on-shell
∂L
∂q̇i

− ∂L
∂qi


δqi

s.
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Implying that the following quantity is conserved in the case of each transformation

Js := ∂L
∂q̇i

δqi
s − Λs.

A.2. Liouville’s Theorem
Theorem 5 (Arnold-Liouville). Let P be a 2N dimensional symplectic manifold. Suppose there
exists N smooth functions defined on this manifold, fi ∈ F (P) that are pairwise in involution. That
is to say, they pairwise Poisson commute. Further, assuming each fi is independent and hence their
differential forms are linearly independent at each point on the manifold. Finally, we impose the
existence of a level set defined by an N−array of constants ci,

Pc = {x ∈ P s.t. fi = ci}. (A.4)

Then we have the following

1. The smooth manifold Pc is invariant under transformations generated by a Hamiltonian H =
H(fi).

2. If Pc is connected and compact1 then it is diffeomorphic to the N -dimensional torus TN with
coordinates

TN = {

φ1, φ2, . . . , φN


mod 2π}

3. The motion on the level set as generated by the Hamiltonian is conditionally periodic

dφi

dt
= ωi(c)

The term conditionally periodic here means that for an integer valued N -dimensional vector, k,
there exists no non-zero solutions to the equation k · ω = 0.

4. The EoM can be found by quadrature.

For a thorough proof the interested reader should see [42]. However, we do not think the proof itself
warrants much thought. we will outline the proof here following Arutyunov and requiring his proof of
Frobenius’ theorem [2]. This is of pedagogical use as the notion of toroidal motion is of importance.

Outline of proof. To begin, let’s first define any necessary terms and state any theorems.

Definition 26. An integral submanifold M is a connected immersed submanifold if given a distribution
V the tangent space at every point in the manifold is a subspace of the distribution at that point. In
the case where the two are equal it is called maximal. A distribution here effectively just means a space
of directions attributed to every point on the submanifold.

1It should be noted here that the result can be extended to the case where the level set is not compact if the set {ξi}
is complete.
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Theorem 6 (Frobenius). A distribution V on a smooth manifold M generated by a set of m vector
fields is integrable if and only if the set of vector fields is in pairwise involution.

Owing to the pairwise involution, we have that for all pairs i, j the statement ξifj = 0 implies that
the vector fields are all tangent to Pc. Furthermore, the fact that the vector fields are in involution
implies by Thm. 6 that Pc is a maximal integral submanifold for the distribution spanned by ξi.

Let {gti
i } be the set of one-parameter subgroups consisting each of the group of symplectomorphisms

generated by ξi respectively with ti ∈ R. We can define a natural group action on the level set as

gt(x) =
N∏

i=1
gti

i (x).

Since ξi span the level set this action is transitive. We can then say that Pc  RN /Γ where Γ is the
isotropy group. The linear independence of the set {ξi} implies that for small t where the action on
the level set is effectively a sum of these vector fields then the only value of t for which the resultant
action is trivial is t = 0. Therefore, the isotropy group is discrete and hence isomorphic to the lattice
ZN finally implying that

Pc  RN /ZN  TN . (A.5)

Showing that the level set is a torus is tantamount to showing that the space is parametrised by some
coordinates

{

φ1, φ2, . . . , φN


mod 2π} (A.6)

with frequencies
dφi

dt
= ωi(c). (A.7)

This formalism yields the enticing form of minute motion of the level set as the form

φi(t) = φi(0) + ωit. (A.8)

The final aspect of the proof we need to show is that this description yields the ability to solve the
EoM by quadrature. This is quite the task. We will develop a new framework for solving classical
mechanical problems to prove it.

In general, the variables fi and φj do not constitute canonical coordinates i.e. in general {fi, φj} =
±δij . So we endeavour to build canonical coordinates using only the resources we have and points
we’ve proved. For ease, let’s assume P = R2N . According to earlier points in Thm. 5, the motion
occurs on an N dimensional level set of N functions we call integrals of motion or just integrals. We
define γj with j = 1, 2, . . . , N as the fundamental cycles of the torus depending on the values of the
integrals, ci. The integrals of motion have given

fi(p, q) = ci, we invert to get pi = pi(c, q).

We can now define the so-called action variables, named for its similarity to the first term in the action
as seen in (2.1).

Ii(c) =
˛

γi

pj dqj

  
α

, (A.9)



A.2. Liouville’s Theorem 62

Figure A.1. A qualitative example of a set of tori to which a phase space is diffeomorphic to as in Thm 5. In particular,
we choose to illustrate eight example level sets differing by their colour. These various level sets are seen to be concentric
and contained within each other. Each of which corresponds to a different phase space Pi the system may live on.

where α is the canonical one-form. Taking these action variables, we now define angle variables θj

by enforcing that (Ii, θj) form a canonical pair. Let’s go about this by constructing the canonical
transformation2

(p, q) → (I, θ).

We use, as a generating function, Hamilton’s principal function

S =
ˆ q

q0

dq̃ p(I, q̃).

Then we have,

pi = ∂S

∂qi
. (A.10)

Define now the angle variables

θi := ∂S

∂Ii
. (A.11)

Differentiating S, then, we get

dS = ∂S

∂Ii
dIi + ∂S

∂qi
dqi = θi dIi + pi dqi (A.12)

d2S = 0 =⇒ dθi ∧ dIi + dpi ∧ dqi = 0. (A.13)

So that finally,

dpi ∧ dqi = dIi ∧ dθi = ω, (A.14)

the canonical two-form thereby showing that (I, θ) are indeed canonical variables.
2It should be noted that the action and angle variables are not unique. They can be varied by a constant and function

h(I) respectively without changing the equations of motion.
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φ1

φ2

Figure A.2. A sample torus representing the reduced phase space of a system is presented here in a light blue. Further-
more, we see the trajectory taken by a particle in orange. The path taken through phase space is parametrised via two
angles, φ1 and φ2, as in Thm. 5. These angles have associated to them two frequencies ω1 and ω2. It is demonstrated
by the fact that the trajectory does not follow precisely the same path after a full rotation that these frequencies are not
commensurable. That is to say, ω1/ω2 ∈ Q. It should be noted, however, that for a trajectory to fill the entire phase
space available this must be true but even if ω1/ω2 ∈ Q the number of full rotations that need to occur in order to see
the pattern may be large. Therefore, we cannot say for certainty in this case if the two frequencies are commensurable.
Indeed, since they are rendered on a computer this example must be so.

Recall that the Hamiltonian H = H(fi) i.e. the Hamiltonian is a function of the integrals of motion.
Then we can find the equations of motion - leaning on the canonical transformation - as

İi = −∂H(I)
∂θi

= 0, θ̇i = ∂H
∂Ii

=: ωi(I). (A.15)

These can be solved easily as,

Ii = I0
i , θi = θ0

i + ωit. (A.16)

That’s it. These variables have been constructed purely from algebraic solutions to systems of equa-
tions coupled with the computation of definite integral - precisely what we mean by quadrature.

Two frequencies are commensurable if ωi
ωj

∈ Q. In general, the frequencies we get from a system with
N constraints, ωi, are not commensurable. Telling us that the system does not travel on a closed
trajectory through the reduced phase space and is called non-degenerate. If at least two frequencies
are commensurable then the motion is called degenerate. The situation where all frequencies are
commensurable we call completely degenerate. It is this situation we shall focus on. Since the motion
is closed, we need only one parameter to specify where we are on the phase space path. We only
have one dimension and hence should expect 2N − 1 integrals of motion. Systems in this scenario
are called superintegrable. However, this actually implies that not all the integrals of motion are fully
independent.

Claim 6. The maximal number of independent pairwise Poisson commuting integrals of motion for a
2N dimensional system is N .

Proof. Suppose there exists k integrals of motion with k corresponding independent Hamiltonian
vector fields. These vector fields span a subspace V ⊂ TP at any point x ∈ P . The fact there are k
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integrals of motion tells us that dim V = k. The skew-orthogonal compliment of V , V ⊥ defined as

V ⊥ =
⋂

v∈V

Kv, Kv := ker ω(v, ·).

Since fi are all in involution then constraining the symplectic two form to this subspace we get that
ω
∣∣
V ≡ 0. Therefore, V ⊂ V ⊥ and dim V ≤ dim V ⊥. The non-degeneracy of ω implies that the

dimensionality of V and V ⊥ should sum to the full space 2N . So that

dim V ⊥ = 2N − dim V = 2N − k =⇒ k ≤ 2N − k

k ≤ N

as required.

In the case where the matrix Ψij(f) := {fi, fj} has rank 2(k − N) for a system of 2N dimensions with
k > N constraints for all c′ near a c for which we investigate Ψ(c), we have that Pc′ is diffeomorphic
to a 2N − k dimensional torus. The superintegrable system has a locally extended phase space
diffeomorphic to a one dimensional torus i.e. S1.

A.3. Babelon-Viallet’s Theorem
We now explicitly demonstrate the necessary existence of an r-matrix in classical integrability as
described in Thm. 1.

Proof. We tackle this proof in both directions separately following [43]. Assuming that the eigenvalues
of L pairwise Poisson commute. Let L be diagonalised by P

L = P ΛP −1.

Then the PB of L1 with L2 is given via the product rule,

{L1, L2} = {P1, P2}Λ1P −1
1 Λ2P −1

2 + P2{P1, Λ2}Λ1P −1
1 P −1

2 −P2Λ2P −1
2 {P1, P2}Λ1P −1

1 P −1
2 + . . .

· · · + P1{Λ1, P2}P −1
1 Λ2P −1

2 + P1P2:0{Λ1, Λ2}P −1
1 P −1

2 − P1P2Λ2P −1
2 {Λ1, P2}P −1

1 P −1
2 + . . .

· · · − P1Λ1P −1
1 {P1, P2}P −1

1 Λ2P −1
2 − P1Λ1P −1

1 P2{P1, Λ1}P −1
1 P −1

2 +P1Λ1P −1
1 P2Λ2P −1

2 {P1, P2}P −1
1 P −1

2 .

(A.17)

Where we’ve used the assumption that the each eigenvalue, i.e. element of Λi, will Poisson commute.
Furthermore, define the following objects,

k12 := {P1, P2}P −1
1 P −1

2 =: −k21, q12 := P2{P1, Λ2}P −1
1 P −1

2 , q21 := P1{P2, Λ1}P −1
1 P −1

2 .

(A.18)

With this we can rewrite the PB in a concise form by inserting 1 = PiP
−1
i ,

{L1, L2} = k12L1L2 + q12L1 − L2k12L1 − q21L2 + L2q21 − L1k12L2 − L1q12 + L1L2k12. (A.19)

Which we can rearrange using the commutator and acquire,

{L1, L2} = 1
2[[k12, L2], L1] − 1

2[[k21, L1], L2] + [q12, L1] − [q21, L2]. (A.20)
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Thereby, we can define the r matrix as,

r12 := 1
2[k12, L2] + q12, r21 := 1

2[k21, L1] + q21, (A.21)

and retrieve the formula

{L1, L2} = [r12, L1] − [r21, L2]. (A.22)

In the other direction, suppose we have the equation

{L1, L2} = [r12, L1] − [r21, L2],

then by repeated applications of the Leibniz rule we can write

{Ln
1 , Lm

2 } = [A, L1] − [B, L2], (A.23)

for some complicated pair A, B. Taking the trace of both sides and recalling that any trace over the
commutators is null, we get that

{Tr Ln
1 , Tr Lm

2 } = 0.

Evaluating these traces we find
∑

kl

nm λn−1
k λm−1

l {λk, λl} = 0.

Since we’re free to choose n and m as we please, this is equivalent to the eigenvalues being in involution
i.e.

Tr Ln = 0 ⇐⇒ {λk, λl} = 0.

Thus the statement is true in both directions.



B. A Brief Soirée into Constrained
Hamiltonian Systems

The purpose of this field is to describe the emergent dynamics of a system evolving under a given
Hamiltonian subject to a set of constraints ϕi(q, p) = 01. These constraints define the constraint
surface where they are all satisfied. Indeed, the notion of being on or off the constraint surface is of
paramount importance. To this end we define the following notions of strong and weak equality

f = g  
strongly equal

f ≈ g  
weakly equal

. (B.1)

Where to be strongly equal is to be equal across phase space whereas to be weakly equal is to be equal
on the constraint surface but not the whole space.

Definition 27 (First and Second Class Functions). A function F (x) is considered to be first class if
for all j

{F, ϕj} ≈ 0. (B.2)

If this is not the case, it is said to be second class. That is to say, if there exists at least one constraint
such that the Poisson bracket with the function does not weakly vanish. In particular, first class
functions are defined such that they are the maximal set of functions with this property. Therefore,
any function that is weakly zero must be a linear combination of first class functions.

Claim 7. The Poisson Bracket of two first class function, F (x) and G(x), is too a first class function.

Proof. By definition 27 we can say that the PB of the functions F and G can be expressed as

{F, ϕj} = f i
jϕi, {G, ϕj} = gi

jϕi.

Using the Jacobi identity then,

{{F, G}, ϕj} = {F, {G, ϕj}} − {G, {F, ϕj}}
= gi

j{F, ϕi} + {F, gi
j}ϕi − f i

j{G, ϕi} − {G, f i
j}ϕi

= gi
jfk

i ϕk + {F, gi
j}ϕi − f i

jgk
i ϕk − {G, f i

j}ϕi.

This is a linear combination of constraint functions and is weakly zero.

One might think of the list of important functions and consider their differences on and off the
constraint surface. Principal among them is the Hamiltonian, a first class function in itself since the

1This is the usual format taken in the literature. However, we have a set of functions µi(q, p) which we choose to set
to some mi. So we define ϕi := µi − mi.
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constraints are constants on the constraint surface. Then for any dynamical function F 2 we can
construct its time derivative as

Ḟ ≈ {H + vaϕa, F }, (B.3)

and define the total Hamiltonian

HT := H′ + vaϕa. (B.4)

The H′ object here is the Hamiltonian with any additions needed to ensure that the constraints
are constant. We should note that the thorough construction of these points have been skipped for
brevity and we recommend the reader to consult [12] for further reading. The coefficients va here
are completely arbitrary functions. So let’s consider the difference in F after some infinitesimal time
evolution by δt by taking va and ṽa. This difference is given by

δF = ∂F

∂t

∣∣∣∣
v

δt
δt − ∂F

∂t

∣∣∣∣
ṽ

δt
δt = δt


{vaϕa, F } − {ṽaϕa, F }


= δva{ϕa, F }. (B.5)

When F is a physical quantity the arbitrariness of δv forces the function to be first class. This is an
example of how first class constraints generate gauge transformations.

We now turn our attention to second class constraints. In particular, recall the matrix Ψij := {ϕi, ϕj}
defined during our discussion of k > N constraints in Appendix A.2. However, we now discuss it in
the case of independent or what are known as irreducible constraints.

Claim 8. The matrix Ψij is weakly invertible if and only if there exist no first class constraints in the
set of constraints {ϕi}.

Proof. If det Ψ ≈ 0 then there exists a non-trivial solution of uj such that

Ψijuj = 0.

Then define the constraint φ = ujϕj . Clearly it is first class.

Since Ψ is weakly invertible then on the constraint surface we can imagine the hamiltonian vector
field ξi associated with ϕi ∼ µi to be transversal to the constraint surface. That is to say, by following
motion generated by the constraints, we do not lose information. Consider now two functions F, G,
we can weakly extend these using second class constraints χa,

F̃ := F + vaχa, G̃ := G + ubχb. (B.6)

Notice that,

{F̃ , χi} = {F, χi} + va{χa, χi} + χa{va, χi} ≈ {F, χi} + va{χi, χa},

which tells us that we can define the vector va as

va = −Ciafi, (B.7)
2Not necessarily a first class function.
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where,

Cia =

Ψ−1

ia
; fa := {F, χa}. (B.8)

Therefore,

{F̃ , χi} ≈ 0. (B.9)

A similar vector, ub, can be constructed for G. To progress in our discussion of integrability, we need
to ensure that our notion of Poisson bracket reflects the constraint discussion. We do this by defining
a new type of bracket.

Definition 28 (Dirac Bracket). Consider the following bilinear function,

{⋆, ∗}D : F (P) × F (P) → F (P)

using a previously defined Poisson bracket. This is called a Dirac bracket and is explicitly defined as,

{f, g}D := {f, g} − faCabgb. (B.10)

Claim 9. The Dirac bracket forms a valid Poisson bracket.

Proof. For the Dirac bracket to be a valid PB as defined in 3 it must obey the following properties:

1. Bi-linearity, 2. {f, f}D = 0, 3. Leibniz Identity, 4. Jacobi Identity,

which we show here. To begin, bi-linearity is trivial from the base bracket’s status as Poisson. To
prove that the bracket of two identical functions vanishes consider

{f, f}D =:0{f, f} − fafbC
ab.

Since C is defined as Ψ−1 it must be anti-symmetric. Therefore the property holds. The Leibniz rule
for the first term is trivial. We show the second term here,

{fg, χa}Cab{hk, χb} = fh{g, χa}Cab{k, χb} + fk{g, χa}Cab{h, χb} + . . .

· · · + gh{f, χa}Cab{k, χb} + gk{f, χa}Cab{h, χb}.

Finally, the proof for the Jacobi identity is computational intensive and so we point the reader to
Appendix B in [2].

One of the most intuitive aspects of this definition is that the Dirac bracket on the constraint surface
is precisely the Poisson bracket of our extended functions. This tells us that the Dirac bracket is a
worthwhile and relevant extension. This is a simple calculation,

{F, G}D = {F̃ , G̃} − {F̃ , uaχb} − {vaχa, G̃} + {vaχa, ubχb} − faCabgb

which is weakly equal to

{F, G}D ≈ {F̃ , G̃} − ub{F̃ , χb} − va{χa, G̃} + vaub{χa, χb} − faCabgb.
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Recalling the above definition and the fact that the extended functions Poisson commute with the
second class constraints we get,

{F, G}D ≈ {F̃ , G̃} − fiC
iaψabC

jbgj − faCabgb

using the antisymmetry of C we have, {F, G}D ≈ {F̃ , G̃} + fbC
bjgj − faCabgb ≈ {F̃ , G̃}.

Since the Dirac bracket of any extended function with the second class constraints is weakly null by
definition, it follows that all constraints will commute in this way with respect to each other. In a
way this tells us that the even second class constraints become effectively first class on the constraint
surface.

As we said earlier, the functions va are arbitrary, so one might ask what happens if we change them?
Any physical quantity of course shouldn’t change. Indeed, the Dirac bracket respects this property.
Defining χ̄a = m b

a χb we get that the new Dirac bracket is given by

{F, G}D̄ = {F, G} − {F, m µ
a χµ}C̄ab{G, m ν

b χν}, C̄ab = ({χ̄a, χ̄b})−1 = (m−1)a
iC

ij(m−1)b
j

{F, G}D̄ = {F, G} − {F, χµ}m µ
a · (m−1)a

µCµν(m−1)b
ν · m ν

b {G, χν} = {F, G}D.

It is specifically all of this discussion about the constraint surface that provides so much use. Identifying
the region of phase space laying on the constraint surface with our reduced phase space as described
in Thm. 2 that allows us to describe the dynamics. Here, then, the hamiltonian vector fields are
generated now using the Dirac bracket. In particular, there exists an equivalence class of these vector
fields due to the arbitrariness of va. This procedure can also be repeated by imposing a set of conditions

γi(x) = 0, i = 1, . . . , dim gm

such that

{ϕa, γi} ≈ 0.

The assignment of these functions is known as gauge fixing. The Dirac bracket in this case is con-
structed in precisely the same fashion except for the fact that Ψ now takes both ϕa and γi functions.
In any case, the evolution equation can be expressed in two equivalent ways

df

dt
= {H, f̃}D = {H, f̃} ≈ {HE , f}D ≈ {HE , f}, (B.11)

where the subscript E refers to the canonical Hamiltonian with any consistency additions made and
then arbitrary functions of constraints added. Again, for more detail see [12].

Thus concludes our digression into constrained Hamiltonian systems.



C. Symmetric Functions

A topic oft used knowingly or unknowingly in quantum mechanics is that of symmetric functions. In
this text it is most useful in the context of symmetric polynomials, though can be generalised by taking
a countably infinite number of variables to symmetric functions. This appendix serves as the home
of the mathematics needed to understand our uses of symmetric polynomials throughout the text.
We will discuss Young tableaux and their relationship to irreducible representations of the symmetry
group as well as other consequences.

C.1. Irreducible Representations of SN

Suppose we define the operator P12, effectively the split Casimir in (10), which permutes 1 ↔ 2. This
can be represented as a cycle (1 2). As seen in 3.1.2, we were able to utilise conjugations of operators to
represent a permutation in a set of neighbouring transpositions1. This can be generalised to describe
one operator in terms of conjugations of others without changing the cyclic structure. This allows us
to define conjugacy classes around the base cyclic structure i.e. the set of all sequences of objects that
represent the same fundamental cycle.

Another way of framing the problem of conjugacy classes is that of integer partitions. Specifically, if
we are looking at the group SN then we can define that partition λ = {λ1, . . . , λk} with λi ≥ λi+1 and
N =

k
i=1 λi. We can identify this with the set of permutations with cycles of lengths λ1, λ2, . . . , λk.

It’s also worth noting that two partitions that differ only by a string of zeroes are considered equivalent.
The non-zero λi values are called parts and the number of parts is called the length l(λ).

Now we can represent each of these conjugacy classes, or equivalently each of these partitions, by a
Young diagram. The construction of a Young diagram is easy. Working with SN , suppose you draw
boxes starting from the top left with fs boxes in row s and µk boxes in column k. Then as long
as fs ≤ fs+1 and µk ≤ µk+1 with the number of total boxes summing to N - this is a valid Young
diagram. This gives you a particular partition with λi = fi describing a conjugacy class with each µk

representing a k-cycle. It’s also worth noting that two partitions that differ only by a string of zeroes
are considered equivalent.

Each partition λ defines a unique irreducible representation of SN . If we now deal with functions on
the symmetric group, we can define the left and right regular representations of the symmetric group
itself,

π(ς)f(σ) = f(ς−1σ), π′(ς)f(σ) = f(σς), (C.1)

respectively. Both representations can be decomposed into a sum of irreducible representations simply
1Indeed, this can be done in general.
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as,

π 
⊕

λ

dim πλπλ, (C.2)

where πλ is the irreducible representation corresponding to the partition (or equivalently Young dia-
gram) denoted by λ.

C.2. Symmetric Polynomials
As mentioned, symmetric polynomials are ubiquitous in this realm of quantum integrability. To that
end, it is vital that we have a decent understanding of their use cases. We will largely work through
this understanding by exploring varying examples mixed with some theory.

Firstly, let’s work with some bases of symmetric functions. The first is,

pλ :=
∏

i

pλi
, pλi

=
∑

j

qλi
k . (C.3)

The second is defined as the sum of all distinct monomial that can be obtained from qλ by permutations
of the individual parts,

mλ ≡ mλ1λ2... :=
∑

σ∈SN

sgn(σ)qλ1
σ(1)q

λ2
σ(2) · · · qλN

σ(N). (C.4)

We note that if the number of variables then this is just null for the same reason that a differential
k-form defined on an m < k dimensional manifold is null.

C.2.1. Generalised Hermite Polynomials

Suppose λ is a partition and then define the monomial,

qλ :=
∏

i

qλi
i , (C.5)

and the operator,

H =
∑

i

(
−ℏ2

2 ∂2
i + ℏωqi∂i

)
− ℏγ

∑

i<j

1
qij

(∂i − ∂j) . (C.6)

Clearly, this operator does not preserve the space spanned my monomials since there is a reciprocal
term.

Claim 10. The operator H preserves the space of symmetric polynomials.

Proof. Suppose λi > λj , let’s consider the final term exclusively in the operator.

1
qij

(∂i − ∂j)(qλ{i

i q
λj}
j ) = λi

λi−λj∑

k=0
qλi−k

i qλ+k
j − λj

λi−λj∑

k=0
qλi−k−1

i qλ+k−1
j . (C.7)

Hence, with some changing of index signs it can be seen that this formula is symmetric. The remaining
action of H is trivial.
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